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The dynamical equations of quantum mechanics are rewritten in the form of
dynamical equations for the measurable, positive marginal distribution of the
shifted, rotated, and squeezed quadrature introduced in the so-called "sympleetic
tomography." Then the possibility of a purely classical description of a quantum
system as well as" a reinterpretation o f the quantum measurement theory is discussed and a comparision with the well-known quasi-probabilities approach is
given. Furthermore, an analysis of the properties of th# marginal distribution,
which contains all the quantum information, is performed in the framework of
classical probability theory. Finally, examples of the harmonic oscillator's states
dynamics are treated.

1. I N T R O D U C T I O N
"Schr6dinger made no secret of his intention to substitute simple classical
pictures for the strange conceptions of quantum mechanics, for whose
abstract character he expressed deep aversion." It is clear from this commentary of Rosenfeld (1~ that from the early days of quantum theory there
has been a permanent wish to understand quantum mechanics in terms of
classical probabilities. However, due to the Heisenberg (2~ and Schr6dingerRobertson (3,4) uncertainty relation for the position and momentum in
quantum systems, the joint distribution function in the phase space does
not exist. This leads to the introduction of the so-called quasi-probability
distributions, such as the Wigner function, (5) the Husimi Q-function, (6)
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and the Glauber-Sudarshan P-function, 17'8~ later on unified into a oneparametric family.(9) Furthermore, in order to bridge quantum and classical physics, Madelung (~~ already observed that the modulus and the phase
of the wave function obey the hydrodynamical classical equations, and
along this line the stochastic quantization scheme has been suggested by
Nelson (11~ to link the classical stochastic mechanics formalism with the
quantum mechanical basic entities, such as wave function and propagator.
In some sense, also the hidden variables (12~ was proposed to relate the
quantum processes to the classical ones. Nevertheless, to date there does
not exist a formalism which consistently connects the "two worlds."
The discussed quasi-probabilities illuminated the similarities and the
differences between classical and quantum considerations and they are
widely used as instruments for calculations in quantum theory. (13'14~
However, they cannot play the role of classical distributions since, for
example, the Wigner function and the P-function may have negative values.
Althought the Q-function is always positive and normalized, it does not
describe measurable distributions of concrete physical variables.
Recently, after J. Bertrand and P. Bertrand (~5) made the first attempt
to apply the tomographic principle to phase space distributions, Vogel and
Risken, (16) using the formalism of Ref. 9, established an integral relation
between the Wigner function and the marginal distribution for the
measurable homodyne output variable which represents a rotated quadrature of the electromagnetic field. This result gives the possibility of
"measuring" the quantum state, and it is referred to as optical homodyne
tomography. (17)
In Ref. 18 a symplectic tomography procedure was suggested to obtain
the Wigner function by measuring the marginal distribution for a shifted,
rotated, and squeezed quadrature, which depends on extra parameters. In
Ref. 19 the formalism of Ref. 16 was formulated in invariant form, relating
the homodyne output distribution directly to the density operator. Then, in
Ref. 20 the symplectic tomography formalism was also formulated in this
invariant form and was extended to the multimode case. Thus, due to the
introduction of the quantum tomography procedure, the real positive
marginal distribution for measurable observables, such as rotated shifted
and squeezed quadratures, turned out to determine completely the quantum states.
The aim of the present work is to formulate the standard quantum
dynamics in terms of the classical marginal distribution of the measurable
shifted, rotated, and squeezed quadrature components, used in the symplectic tomography scheme. Thus, we obtain an alternative formulation of
the quantum system evolution in terms of the evolution of a real and
positive distribution function for measurable physical observables. We will
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show the connection of such a "classical" probability evolution with the
evolution of the above-discussed quasi-probability distributions. Preliminarily, the approach was briefly presented in Ref. 21.
Examples relative to the states of a harmonic oscillator and free
motion will be considered in the framework of the given formulation of
quantum mechanics as well as an oscillator with friction and driven terms
included.

2. DENSITY OPERATOR AND DISTRIBUTION FOR SHIFTED
ROTATED AND SQUEEZED QUADRATURE
In Ref. 18 an operator J( was introduced as the generic linear combination of the position 0 and momentum p(h = 1)
2=/~0+ vp+6

(1)

which depends upon three real parameters /,, v, 6 and, due to its hermiticity, is a measurable observable. Thus, the marginal distribution,
defined as the Fourier transform of the characteristic function
w(X,/2, v, f i ) = f d k e

'kX(eik2)

(2)

depends on the parameters/~, v, 6, and it is normalized with respect to the
X variable

(3)

f dXw(X, p, v, fi) = 1

Furthermore, it was shown (ls~ that this marginal distribution is related to
the state of the quantum system, expressed in terms of its Wigner function
W(q, p), as follows:

w(X, ,u, v, c~) = f e iK(X-m- vp a) W(q, p) dk dq dp
(2~z)2

(4)

Equation (4) shows that w is a function of the difference X - f i = x, so that
it can be rewritten as
w(x,/*, v ) = f e-ik(x-uv-w)W(p, q)

d~dqdp
(2:;,.C)2

(5)
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This formula can be inverted and the Wigner thnction of the state can
be expressed in terms of the marginal distribution (18)
W ( q , p) = (27c) 2 Z2WF(Z, - zq, - zp)

(6)

where We(Z, a, b) is the Fourier component of the marginal distribution (5)
taken with respect to the variables x, :t, v, i.e.,

1 f w(x,g, v) e -i<.~. +.~+ub) dx dtz dv
WF(Z,a,b)=(~)3

(7)

Hence, it was shown that the quantum state could be described by the
positive classical marginal distribution for the squeezed rotated, and shifted
quadratures which could be considered as a classical probability associated
to a stochastic variable x and depending also on the parameters.
In the case of only rotated quadrature, p - - c o s ~b and v--sin ~b, the
usual optical tomography formula of Ref. 16 gives the same possibility
through the Radon transform instead of the Fourier transform. This is, in
fact, a partial case of the symplectic transformation of quadrature since the
rotation group is a subgroup of the symplectic group I S p ( 2 , R ) whose
parameters are used to describe the transformation (1).
In Ref. 20 an invariant form connecting directly the marginal distribution w ( x , it, v) and the density operator was found:

/3 = fax +

v)/r

(8)

where the kernel operator has the form
1

R., ~= ~

z2 e - '>Xe - '>2~'/2 ei>':'eiZ/aO

(9)

Formulas (6) and (8) of symplectic tomography show that there exists an
invertible map between the quantum states described by the set of nonnegative and normalized hermitian density operators /3 and the set of
positive, normalized marginal distributions ("classical" ones) for the
measurable shifted, rotated, and squeezed quadratures. So, the information
contained in the marginal distribution is the same as that contained in the
density operator; and due to this, one could represent the quantum
dynamics in terms of evolution of the marginal probability. Indeed, the fact
that R,, v depends also on the z variable (i.e., each Fourier component gives
a self-consistent kernel) shows the overcompleteness of information
achievable by measuring the observable of Eq. (1).
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The definition of the marginal distribution function w(x,/~, v) might be
alternatively given in terms of the eigenstates of the operator 2 = ~ - 6
2 Ix) = x Ix)

(10)

which can be obtained from the position eigenstates

gl lq) =q lq)

(11)

by the action of the unitary operator
Ix) = S lq)

(12)

which represents the composition of simple operations such as rotation and
squeezing, i.e., it satisfies the requierement

~*O~= /~gl+ Vfi

(13)

It is worth remarking about this transformation, that there exist a constraint (z:) due to the commutation relation between the observable (1) and
its canonical conjugate, i.e., if one introduce the observable

P= iz'O + v'p + 6'

(14)

A=(/~
v)
/z' v'

(15)

the matrix

must satisfy the relation

AaAr=a,

a=(O1

10)

(16)

Then, the marginal distribution is the diagonal matrix element of the
density operator in the transformed basis (10)

w(x, lz, v ) = ( x I ~ Ix) = Tr{/3 Ix)(xl}

(17)

or it is the diagonal matrix element in positional representation of the
transformed density operator

w(x, p, v)= (ql N*~o~ Iq) = Tr{ ~r

Iq)(ql}

(18)
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The form of the shifted and squeezed operator ~ is well known/23) Choosing the parameters /~ = c o s ~b and v = sin ~b, the operator ~ gives the
marginal distribution for the homodyne output of Ref. 16. In the case of
/~ = 1 and v = 0 the marginal distribution is that for quadrature 0, i.e.,
w(q, 1 , 0 ) = p ( q , q ) = ( q l P tq), while in the case of k t = 0 and v--1 the
marginal distribution is that for the other quadrature/~, i.e., w(p, O, 1) =
p(p, p) = (pl/3 ]p).

3. Q U A N T U M E V O L U T I O N AS A CLASSICAL PROCESS
We now derive the evolution equation for the marginal distribution
function w using the invariant form of the connection between the marginal
distribution and the density operator given by the formula (8). Then, from
the equation of motion for the density operator which includes the interaction with environment Z(P)

a,p = - i [ I~, p] + z(p)

(19)

we obtain the evolution equation for the marginal distribution in the form

f dx + dv{~(x,/~, v, t) I~,,v + w(x,/~, v, t) L, ~}

in which the known Hamiltonian determines the kernel /'~, ~ through the
commutator
•, v= i[/-I,/(~, u]

(21)

while the r.h.s, is functionally dependent on the marginal distribution. The
obtained integral-operator equation can be reduced to an integro-differential equation for the function w in some cases. Let us consider first the
situation in which Z(P)= 0; the opposite situation will be discussed later.
Then we represent the kernel operator [~,v in normal order form (i.e., all
the momentum operators on the left side and the position ones on the right
side) containing the operator/s
v as follows:

'L. v "= ~(P): R~, v: ~(0t

(22)

where ~(/3) and ~ ( 0 ) are finite or infinite operator polynomials (depending
also on the parameters p and v) determined by the Hamiltonian. Then we
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calculate the matrix elements of the operator equation (20) between the
states <ql and Iq), obtaining

f dx d# dv{~(x, #, v, t) + w(x, #, v, t) ~(p) ~(q)} (PI:/~,, v: Iq)

0 (23)

If we write

~(p) ~(q) = H(p, q) = ~ ~ c,, m(Z, #, V) p,qm
n

(24)

m

due to the particular form of the kernel in Eq.(9), Eq.(23) can be
rewritten as

f dx d# &{~b(x, #, v, t) + w(x, #, v, t) 17(~, q)} (PI: Rv, v: Iq) = 0 (25)
where/~, ~ are operators of the form
/~=

-

~vv+~Z ,

~=

-z~-~p+~z

(26)

while z, in the space of variables x, #, v, should be understood as the
derivative with respect to x, i.e.,
0

z~--~iOx

(27)

and when it appears in the denominator, it is understood as an integral
operator. Furthermore, the right arrow over H means that, with respect to
the order of Eq. (24), the operators /~ and ~7 act on the right, i.e., on
(pl : R~. v: Iq)- Under the hypothesis of regularity of w on the boundaries,
we can perform integration by parts in Eq. (25) disregarding the surface
terms, to get

fdxd/zdv{~(x,#, v, t)+w(x,#, v, t)/I(/~, qT)}<pl"/s

Iq) = 0

(28)

where now ~ means that the operators/~,

15=

zOv

~z ,

~=

z~#

v/

~z

(29)
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act on the left, i.e., on the product of coefficients c.....( - z , lz, v) with the
marginal distribution w. Finally, using the completeness property of the
Fourier exponents given by (p]:/(~. v: ]q), we arrive at the following equation of motion for the marginal distribution function:

a,w + wn(p, 4) = o

(30)

Let us consider the important example of the motion of the particle in
a potential with the Hamiltonian
~2
/~r = ~- -t- V(c))

(31)

then the described procedure of calculating the normal-order kernel (22)
gives the following form of the quantum dynamics in terms of a FokkerPlanck-like equation for the marginal distribution

w--Ct~v

w

v(--!

\a/@xalt

28x]

-1

~

v

a-~-+i

w=O

(32)

which in the general case is an integro-differential equation. It is worth
remarking that, considering the quadrature X of Eq. (1) to be dimensionless, the Planck constant h should appear in Eq. (32) to multiply the first
two terms. As a consequence it is clear that the equation, even if classicallike, gives a quantum description of the system evolution (as the
Schr6dinger equation).
Thus, given a Hamiltonian of the form (31) we can study the quantum
evolution of the system writing down a Fokker-Planck-like equation for
the marginal distribution. Solving this one for a given initial positive and
normalized marginal distribution we can obtain the quantum density
operator r
according to Eq. (8). Conceptually this means that we can
discuss the system quantum evolution considering classical, real, positive,
and normalized distributions for the measurable variable X which is a shifted, rotated, and squeezed quadrature. The distribution function which
depends on extra parameters obeys a classical equation which preserves the
normalization condition of the distribution. In this sense we can always
reduce the quantum behavior of the system to the classical behavior of the
marginal distribution. Of course, this statement respects the uncertainty
relation because the measurable marginal distribution is the distribution
for one observable. That is the essential difference (despite some similarities) between the introduced marginal distribution and the discussed
quasi-distributions, including the real positive Q-function, which depend
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on the two variables of the phase space and are normalized with respect to
these variables. We should point out that we do not derive quantum
mechanics from classical stochastic mechanics, i.e., we do not quantize any
classical stochastic process; our result is to present the quantum dynamics
equations as classical ones, and in doing this we need not only the classical
Hamiltonian but also its quantum counterpart.

4. E X A M P L E S

Let us choose, as the system to study, a driven harmonic oscillator of
unit mass with a hamiltonian of the type
p2

q2

H=~+o92~--fq

(33)

then from Eq. (32) immediately follows

w--ll~vW-k-fo2v~wq-fv

w=0

(34)

Below we cosider solutions of some special cases of Eq. (34), while the
solution for the complete equation will be given in the next section by
using a propagator method.
4.1. Free Motion

For the free motion, ~o = f = 0, the evolution equation (34) becomes
the first-order partial differential equation

- UvvW=0

(35)

and it has a gaussian solution of the form
1
w(x, I~, v, t) = x/2rcax(t)
exp {

x2a~(t) }

(36)

where the dispersion of the observable 2 depends on time and parameters
as follow:

ax(t ) =

1[fl2(1 q- t 2) -1- v2 +

21uvt]

(37)
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The initial condition corresponds to the marginal distribution of the
g r o u n d state of an artificial h a r m o n i c oscillator calculated from the respective Wigner function. (18)
4.2. Harmonic Oscillator
f=0;

F o r the simple h a r m o n i c oscillator with frequency o ) = 1, we have
then Eq. (34) becomes
a

(381

~-/~Uvw + v u w=O

If we consider the first excited state of the h a r m o n i c oscillator, we
k n o w the Wigner function 124)

W~(q, p) = - 2( 1 - 2q 2 - 2p 2) exp[ - q2 _ p2 ]

(39)

The result is time independent due to the stationarity of the state, but for
small q and p it becomes negative while the solution of Eq. (38)

Wl(X, #, v, t) = ~ 2 [/~2 + v2] -3/2 x 2 exp

/~2 + ~5

(40)

is itself time independent but everywhere positive.
Indeed, a time evolution is present explicitly in the coherent state,
whose Wigner function is given by

Wc(q, p) = 2 exp{ - q2 _ q02 _ p2

_

po 2

+ 2(qq0 + PPo) cos t - (Pqo - qPo) sin t}

(41)

where q0 and Po are the initial values of position and m o m e n t u m . F o r the
same state the marginal distribution shows a m o r e complicated evolution:

wc(x,/~, v, t ) = ~

[/~2+v2] 1/2

v

x exp

x exp

2
2
-q~176

v

(Po cos t - qo sin t)

x + qo(~ sin t + v cos t)

+po(v sin t--/~ cos t)

12}

(42)
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It is also interesting to consider the c o m p a r i s o n between the Wigner
function and the marginal probability for nonclassical states of the harmonic oscillator, such as the female cat state defined as ~25)
I~_) =N

o~=2-'/2(qo+ipo)

(1~)- I-~)),

(43)

with

exp[ (q~ +_p2)/2]

}1/2

N _ = ~ 4 sinh[ ( qZ + p~)/2 ]

(44)

and for which the Wigner function assumes the following form:

2

2 2

W (q,p) = 2 N 2 e q t~{e-qo-Po cosh[2(qqo+ppo) cos t+2(qpo-pqo) sin t]
- cos[2(qPo - Pqo) cos t - 2(qqo + PPo) sin t] }

(45)

The corresponding marginal distribution is

w (x, ll , v, t)=N2(WA(X, la, V, t)--WB(X, lJ, V, t)
--W*(X,l~, v, t)+WA(--X,/~, V, t)]

(46)

with
W A ( X , [J , V,

t)=~[ff2"-~V

x exp

2]

1/2

- q o 2 - po2 - 7 + 2 v (Po cos t - qo sin t)

x exp

x + qo(/~ sin t + v cos t)

- p o ( v sin t - / ~ cos t ) ] 2 }

(47)

and

wB(x,l~,v,t)=

[/~2+v2]

x exp

1/2exp

- - ~ -2ix-(q~176176

- i ~- x + qo(/~ cos t - v sin t)

1,:

+ Po(/~ sin t + v cos t)

(48)
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The presented examples show that, for the evolution of the state of a
quantum system, one can always associate the evolution of the probability
density with the random classical variable X which obeys "classical"
Fokker-Planck-like equations, and this probability density contains the
same information (about a quantum system) which is contained in any
quasi-distribution function. But the probability density has the advantage
that it behaves completely as the usual classical one. The physical meaning
of the "classical" random variable X is transparent; it is considered as the
position in an ensemble of shifted, rotated, and scaled rest frames in the
classical phase space of the system under study. We note that for nonnormalized quantum states, such as the states with fixed momentum
(De Broglie wave) or with fixed position, the introduced map in Eq. (8)
may be preserved. In this context the plane wave states of free motion have
the marginal distribution corresponding to the classical white noise, as we
shall see below.
4.3. Squeezed Coherent Sates

Here we will consider the marginal distribution w(x,/~, v) for the
squeezed coherent states of the harmonic oscillator. The Wigner function of
these pure Gaussian states may be represented in the form ~z:)

W~(q, p) = 2 exp

1
1 (P -- fi(t)"~l
- ~ (p -/~(t), q - c](t)) m - 2q _ q(t)/J

(49)

where m is the dispersion matrix

m

=

(ap(t) o ,,~u ) ")
~Jt) /

(5o)

and/Y(t) and q(t) are the mean values of the quadratures

(51)
The variances in Eq. (50) are given by

ap(t)=~

scos 2t+lsin2s t

(52)

(53)
a pq( t ) = -~

(54)
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with s the squeezing parameter. Using Eq. (49) in formulas (6) and (7), we
obtain for the marginal distribution the expression
w(x, lt, v, t)

~

1

exp {

[x-lzq(t)-vfi(t)]Z~2ax(t)j

(55)

where
ax(t) = 89[/Z2aq(t) + v2%(t) + 2#Vapq(t)]

(56)

Let us now take the limit s ~ 0; this means that our marginal distribution
becomes a delta function
lim w = 6(x - (/zqo + vpo) cos t - (lZpo - vqo) sin t)

s~O

(57)

and as a consequence its spectrum will be constant and equal to unity for
each value of the variable conjugate to 2(; thus, it will correspond to the
white noise spectrum. On the other hand, the nonnormalized quantum
states, such as the states with fixed momentum (De Broglie wave) or with
fixed position, have a marginal distribution normalized and everywhere
equal to one. Thus, plane wave states of free motion correspond to the
classical white noise distribution.

5. E V O L U T I O N IN THE PRESENCE OF E N V I R O N M E N T A L
INTERACTION
When a system is coupled with the "rest of the universe" the time
evolution of the density operator is no longer unitary, and to treat the
problem at the quantum level, one needs some approximations; usually the
starting point is a simple system such as a harmonic oscillator that interacts linearly with a bath idealized as an infinity of other harmonic
oscillators; then the (master) equation for the density operator becomes (27)
p = --iEata, p] +Z(P)
Z(P) = ~ (n + 1 )(2apa* - a*ap -- pa*a)

+5~( 2a* pa 825/27/6-4

aa* p - p a d )

(58)
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where 7 is the damping constant characterizing the relaxation time of the
system, a, a t are the boson operators of the system, and r7 is the number
of the thermal excitation of the bath. Using Eq. (19) in the interaction picture and performing step-by-step the same procedure that leads to Eq. (30),
one may describe the damped evolution by means of

~v 8

V~=~712 --~VV --~r

1

~221 W

(59)

where we have assumed for simplicity g = 0, a situation common in quantum optical systems. In Eq. (59) we recognize the Fokker-Planck equation,
where the diffusion term is given by the proper stochastic term while the
drift is given by the parameters (the factor 2 can be eliminated by a simple
transformation w = #eYt). The solution of Eq. (59), with coherent initial
excitation qo, Po, is

W(X,

V, t) -

1

1
N~TZ.(/22 -}- V2)

~

exp ~ -

[ x + (/~qo-vpo) e yt/212~
]/2 ...}_V2

j-

(60)

which is exactely the Fourier transform of the Wigner function for the
damped harmonic oscillator given by (24)

W(q, p)= 2 e x p [ - ( q - q o e - r ' / z ) 2 - ( p - p o e - r t / 2 ) 2 ]

(61)

This is proof that the developed formalism is consistent also in the case of
open quantum systems.

6. Q U A N T U M MEASUREMENTS AND CLASSICAL
MEASUREMENTS
In this section we will discuss the concept of quantum measurements
in the framework of the developed approach. It is a well-known statement (28'29) that quantum mechanics suffers from an inconsistency in the
sense that it needs, for its understanding, a classical device measuring
quantum observables. Due to this, the theory of measurements supposes
that there exist two worlds: the classical one and the quantum one. Of
course in the classical world the measurements of classical observables are
produced by classical devices. In the quantum world the measurements of
quantum observables are produced by classical devices too. Due to this, the
theory of quantum measurements is considered as something very specifically different from the classical measurements.
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Recently there have been proposed some schemes (3~ to resolve the
dichotomy between the measured microsystem and the measuring macroapparatus; however, it is psycologically accepted that to understand the
physical meaning of a measurement in the classical world is much easier
than to understand the physical meaning of an analogous measurement in
the quantum world.
Our aim is to show that in fact all the roots of difficulties of quantum
measurements are present in the classical measurements as well. Using the
invertible map of the quantum states (both normalized and nonnormalized) and classical states (described by classical distributions and
generalized functions) given by Eq. (8), we can conclude that the complete
information about a quantum state is obtained from purely classical
measurements of the position of a particle, made by classical devices in
each reference frame of the ensemble of the classical reference frames, which
are shifted, scaled, and rotated in the classical phase space.
These measurements do not need any quantum language, if we know
how to produce, in the classical world (using the notion of classical position and momentum), reference frames in the classical phase space differing
from each other by rotation, scaling, and shifting of the axis of the
reference frame and how to measure only the position of the particle from
the point of view of these different reference frames. Thus, knowing how to
obtain the classical marginal distribution function w(x,t~, v), which
depends on the parameters /~, v, c~, labeling each reference frame in the
classical phase space, we reconstruct through the map (8) the quantum
density operator.
By this approach, we avoid the unpleasant paradox of the quantum
world which needs, for its explanation, measurements by a classical
apparatus. Nevertheless, all the difficulties of the quantum approach continue to be present, but in a different classical form. In fact, if we consider,
for example, the notion of wave function collapse, ~32) it is displaced in the
classical framework, since if we idealize the measuring apparatus as a bath
with which the system interacts, (33) then a reduction of the probability distribution (as our marginal distribution) occurs as soon as we "pick" a
value (hence a trajectory) of the classical stochastic process associated to
the observable (as that of Eq. (1)).
About the developed formalism we are aware that the crucial point
might be the practical realization of the generic linear quadratures such as
in Eq. (1). Then, let us consider a practical implementation, in the optical
domain. The quadrature of Eq. (1) could be experimentally accessible by
using, for example, the squeezing pre-amplification (pre-attenuation) of a
field mode that is going to be measured (a similar method in a different
context was discussed in Ref. 34). In fact, let ~ be the signal field mode
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to be detected; when it passes through a squeezer, it becomes ~/s=
~/cosh s - ~ * e i~ sinh s, where s and 0 characterize the complex squeezing
parameter ~ = sei~ (35) Then, if we subsequently detect the field by using the
balanced homodyne scheme, we get an output signal proportional to the
average of the following quadrature:

E(cb)=~(a~e-~+ase

)

(62)

where ~b is the local oscillator phase. When this phase is locked to that of
the squeezer, such that ~b= 0/2, Eq. (62) becomes
1

E( O ) = "--~

,/2

( dte- i0/2 [cosh s - sinh s] + dl*ei~

cosh s

--

sinh s])

(63)

which, essentially, coincides with Eq. ( 1 ), if one recognizes the independent
parameters
= [cosh s - sinh s] cos(0/2),

v = [cosh s - sinh s] sin(0/2)

(64)

The shift parameter fi does not have a real physical meaning, since it causes
only a displacement of the distribution along the X line without changing
its shape, as can be seen from Eqs. (4) and (5). So, in a practical situation,
it can be omitted. To be more precise, the shift parameter does not play a
real physical role in the measurement process; it has been introduced for
formal completeness and expresses the possibility to achieve the desired
marginal distribution by performing the measurements in an ensemble of
frames that are shifted from each other (a related method was discussed
early in Ref. 36). In an electro-optical system this only means having the
freedom to use different photocurrent scales in which the zero is shifted by
a known amount.

7. C O N N E C T I O N W I T H M E A S U R E M E N T S IN H O M O D Y N E
TOMOGRAPHY
At this point, a comparison with the usual tomographic technique,
used in experiments of the type of Ref. 17, is useful. To this end, we recall
that in this case the timelike evolution of the system is brought about by
changing the parameters, and thus no explicit time dependency of w is
needed. Furthermore, we note that a relation between the density operator
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and the marginal distribution analogous to Eq. (8) can be derived starting
from another operator identity such as (9)
d2~ Tr{/3/)(~)}
P= f T

o-l(o()

(65)

which, by the change of variables/~ = - x//2 .B~, v = x//-2 91~, becomes

1

~=~-~ f d/JdvTr{~e iX} eix~=l f d/xdvTr{~e iYC}ei~-

(66)

The trace can now be evaluated using the complete set of eigenvectors
{ Ix)} for the operator 2; we obtain
Tr{/~e ix} =fdxw(x,p,

v) e -ix

(67)

Inserting this into Eq. (66), we have a relation of the same form as Eq. (8)
with the kernel given by

I(u, ~=~1 e iXei:~= ~1 e-iXe i/~O+ivp,

(68)

which is the same as Eq. (9) setting z = 1. This means that we now have
only one particular Fourier component due to the particular change of
variables (the most general should be z / ~ = - ~ / 2 - ~ and zv= x/~ ~R~).
In order to reconstruct the usual tomographic formula for the
homodyne detection, (19) we need to pass to polar variables, i.e.,
/t = - r cos r v = - r sin r then

2 ~ --r2r

= --r[~ cos r +/3 sin r

(69)

Furthermore, indicating with xr the eigenvalues of the quadrature 2r we
have
Tr{ pe--i2} = Tr{ ~e ~ }

= f dxr w(xr O) eirXr

(70)

and thus, from Eq. (66),

P =] de dxcw(xr

r

Re

(71)
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with
1

(72)

which is the same as Ref. 19. In essence, the kernel of Eq. (72) is given by
the radial integral of the kernel of Eq. (68), and this is due to the fact that
we pass from a general transformation, with two free parameters, to a particular transformation (homodyne rotation) with only one free parameter,
and then we need to integrate over the other one. This derivation follows
Ref. 20.

8. G E N E R A T I N G F U N C T I O N F O R M O M E N T A
Since the marginal distribution w(x, I~, v) has all the properties of the
classical probability density, one could calculate the highest momenta for
the shifted and squeezed quadrature 2. We have, by definition,

( 2 n) = f xnw(x, ~, v) dx

(73)

thus, for the mean value (n = 1) we have
(74)

( 2 ) = f xw( x, /~, v) dx
and for the quadrature dispersion we have

~' = <22> - <2>2 = f x2w(x' ~' v) d x -

E

f ~w(x, ~, v) dx

12

(75)

As in the standard probability theory, (37) to calculate the highest momenta
for the shifted and squeezed quadrature one can introduces the generating
function

G(i2) = L (iZ)"

(76)

Then the highest momenta are the coefficients of the Taylor series for the
decomposition of the generating function with respect to the parameter (/2).
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We will express this generating function in terms of the Wigner function for
the quantum system. Inserting Eq. (5) into Eq. (73), we have

( 2f ) = f

x%

i~(x-/~q-vP)W(q,

p) dq @ dk dx

(77)

(2re) 2

and inserting this into Eq. (76) we arrive at
G(i2) = f

e -~k(x-~q vP~+'xxW(q,p) dq dp dk dx
(2re) 2

(78)

Now integrating, first over the quadrature variable x and then over the
variable k, we get
G(i2) = f

~ P W(q, p)e i;'(~q+ vp)

(79)

This expression shows that the generating function for the quadrature
highest momenta is determined by the Fourier components of the system
Wigner function
1

WF(a, b) =(-~)2 f W(q, p) e iqa-+-ipb dq dp

(80)

i.e.,
1

G(i2)--~

WF(2p, 2V)

(81)

Thus, having the Wigner function of the quantum state and calculating its
Fourier component, we may determine the generating function, which
depends on the extra parameters /z, v. On the other hand, since from
Eq. (80) we have the inverse Fourier transform

W(q, p) = ~

1

f

WF(a ,

b) e -iqa

ipb

da db

(82)

we can express the Wigner function trough the generating function as
1

W(q, p)=(-~)3 f e-i~'q-ivpG(i) d/t dv

(83)

where we have taken 2 = 1 and integrated over the parameters/t and v on
which the generating function depends.
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Hence we conclude that the quantum information about the state is
completely contained in the expression for the generating function. This
reflects the fact that by measuring the shifted, rotated, and squeezed quadrature, we measure the momenta of the marginal distribution w(x,/1, v),
and in fact we can reconstruct the generating function as a function of the
extra parameters/z, v. Thus, the Wigner function of the system is obtained
from Eq. (83).

9. C O N D I T I O N A L PROBABILITY
The direct extension of classical probability concepts leads also to the
notion conditional probability. Using the convention that x means the vector given by the quadrature variable x and the parameters r and v, the
joint probability w(xl, tt ; x2, t2) is defined as the probability to have Xl as
a result of the quadrature measurement at time tl in the frame {ktl, Vl},
and x2 as a result of the quadrature measurement at time t 2 in the frame
{r v2}. Then the conditional probability follows as
W(XI' /'1 IX2' t2) =

w(xl, tl; x2, t2)

w(x2, t2)

(84)

As a consequence, the ChapmamKolmogorov equation (38~will be satisfied, i.e.,
W(X1, t l ) = f d3x2w(xl, t I l X2, t2) W(X2, t2)

(85)

so that the defined conditional probability can be interpreted as the
propagator for the marginal distribution. The physical meaning of the real
positive propagator (84) is the following: it is the transition probability to
go from the position x2 in which the particle is situated at initial time t2
in the reference frame labeled by scaling and rotation parameters {/z2, v2},
to the position Xl at the moment tl in the reference frame labeled by the
parameters {r v l }.
We remark that, even thought the stochastic process on which the
marginal distribution depends is only one, we need to integrate also on the
variables representing the parameters since the same process may "come"
from different frames. In fact, indeed the normalization condition, as a consequence of Eqs. (3) and (85), can be read as

f dx, d3x2 w(x 1, tl Ix2, t2) w(x2, t2) = 1

(86)
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In order to see the equation which the conditional probability (84)
obeys, we insert Eq. (85) into Eq. (30), obtaining
W(Xl, tl Ix2, t2) i~,, +/7(.5, ~)) = c~3(xl --x2) 6(t, --t2)

(87)

that is analogous to the differential C h a p m a n K o l m o g o r o v equation. (3s)
As an application, let us consider the case of the driven harmonic
oscillator for which, from Eq. (34), we have

~I--]AI~vI"}-(D2"~I

-~-flJ1 ~X 1 W(XI, IlIX2, t2)=~3(XI--X2)(~(tI--t2)

(88)
whose solution, for t 1 >
w(xl,

t2,

will be

tl Ix2, t2) =5(v2 -At1

sin[09(tl -

t2) ] -govl

cos[co(t1 - t2)])

x 5(/Jl cos[ ~o(tl - t2)] - c o y , cos[~o(tl - t2)] -/~2)

•
--

x ~ - x ~ - ~ l ~ {1 -cos[o)(t,-t2)]}
V 1 --

~o

sin[c~(tl - t2)]

(89)

Now, by means of Eqs. (85) and (89) we m a y derive the solution of
Eq. (34) starting, for example, from an initial coherent condition characterized by qo and P0, i.e., Eq. (42) at t = 0, obtaining

w(x,/~, v) =

1

x/~(/~ 2 + co2v 2)

x exp { - [ x-l~ f (1-c~

)- v f

-- qo(/~ cos(cot) - coy sin(cot))

+Po(l~(sin(~ot)+covcos(~t))12/(lz2+coZv2)}

----0.

(90)

where we have taken Xl = x, t~ = t and t 2
O f course, if we set f = 0 and
o~ = 1 in Eq. (90) we have again the solution (42).
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Finally, as a special case of the propagator formula (85), we can
consider the time evolution of the marginal distribution of Ref. 16

w(xl,/~1= cos ~, vl = sin ~b, tL)
=fd3xzw(xl,t~l = c o s ~b, vl = s i n ~b, t~ Jxz, t2) w(x2, t2)

(91)

This can be useful as a connection between our formalism and the
homodyne tomography at different times.

10. C O N C L U S I O N S
We have shown that it is possible to bring the quantum dynamics
back to the classical description in terms of spa probability distribution
containing (over)complete information. The time evolution of a measurable
probability for the discussed observables can be useful both for the prediction of the experimental outcomes at a given time and, as mentioned
above, to achieve the quantum state of the system at any time. Furthermore, the symplectic transformation of Eq. (1) can be represented as a
composition of shift, rotation, and squeezing. So, we emphasize that our
procedure allows one to transform the problem of quantum measurements
(at least for some observables) into a problem of classical measurements
with an ensemble of shifted, rotated, and scaled reference frames in the
(classical) phase space.
Quite generally, physics distinguishes between the dynamical law and
the state of a system. The state contains the complete statistical information about an ensemble of physical objects at a particular moment, while
the dynamical law determines the change of the status quo at the next
istant of time. But can we use the dynamical law to infer the state (for
example) of a moving particle after position measurements have been performed? For instance, in molecular emission tomography, (39) the quantum
state of a mulecular vibration has been determined from its elongation
encoded in the time-evolved fluorescence spectrum, while the usual
standard tomography schemes (~7) have been restricted to harmonic
oscillators or free particles for which one has a simple shearing or rotation
in the phase space; however, the developed formalism is able to infer the
state of a particle moving in an arbitrary potential (4~ provided with position-like measurements in different frames (an analogous problem using a
nontomographic approach has been studied in Ref. 41). Of course, in some
situations the measurements of instantaneous values of the marginal distribution for different values of the parameters can be replaced by measuring
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the d i s t r i b u t i o n for these p a r a m e t e r s which c h a n g e in time. Such m e a s u r e m e n t s m a y be consistent with the system e v o l u t i o n if the time v a r i a t i o n o f
p a r a m e t e r s is m u c h faster t h a n the n a t u r a l e v o l u t i o n o f the system itself. In
this case the state o f the system does n o t c h a n g e d u r i n g the m e a s u r e m e n t
process a n d one o b t a i n s the i n s t a n t a n e o u s value of the m a r g i n a l d i s t r i b u tion a n d t h a t o f the W i g n e r function.
Finally, we believe t h a t o u r "classical" a p p r o a c h c a n be a powerful
tool for investigating c o m p l e x q u a n t u m systems as, for example, c h a o t i c
systems in which the q u a n t u m c h a o s can be c o n s i d e r e d in the f r a m e w o r k
o f e q u a t i o n s for a real a n d positive d i s t r i b u t i o n function. O n the o t h e r
hand, since the symplectic t r a n s f o r m a t i o n s are usually involved in the
t h e o r y of special relativity, we m a y be able to a p p l y the d e v e l o p e d form a l i s m for a relativistic f o r m u l a t i o n of the q u a n t u m m e a s u r e m e n t theory.
These will be the subjects o f future papers.

ACKNOWLEDGMENTS
This w o r k has been p a r t i a l l y s u p p o r t e d b y the E u r o p e a n C o m m u n i t y
u n d e r the H u m a n C a p i t a l a n d M o b i l i t y ( H C M ) p r o g r a m m e a n d b y
I s t i t u t o N a z i o n a l e di F i s i c a Nucleare. V.I.M. w o u l d also like to a c k n o w l edge the U n i v e r s i t y of C a m e r i n o for k i n d hospitality.

REFERENCES
1. L. Rosenfeld, Selected Papers of Leon Rosenfeld, R. S. Cohen and J. J. Stachel, eds.
(Reidel, Dordrecht, 1979).
2. W. Heisenberg, Z. Phys. 43, 172 (1927).
3. E. Schr6dinger, Sitzungsber. Preuss. Acad. Wiss., p. 296 (1930).
4. H. P. Robertson, Phys. Rev. 35, 667 (1930); 46, 794 (1934).
5. E. Wigner, Phys. Rev. 40, 749 (1932).
6. K. Husimi, Proc. Phys. Math. Soc. Jpn. 23, 264 (1940).
7. R. J. Glauber, Phys. Rev. Lett. 10, 84 (1963).
8. E. C. G. Sudarshan, Phys. Rev. Lett. 10, 177 (1963).
9. K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882 (1969).
10. E. Madelung, Z. Phys. 40, 322 (1926).
11. E. Nelson, Phys. Rev. lfi0, 1079 (1966).
12. F. J. Belinfante, A Survey of Hidden Variables Theories (Pergamon, Oxford, 1973).
13. M. Hillery, R. F. O'Connell M. O. Scully, and E. P. Wigner, Phys. Rep. 106, 121 (1984).
14. V. I. Tatarskii, Soy. Phys. Usp. 26, 311 (1983).
15. J. Bertrand and P. Bertrand, Found. Phys. 17, 397 (1987).
16. K. Vogel and H. Risken, Phys. Rev. A 40, 2847 (1989).
17. D. T. Smithey, M. Beck, M. G. Raymer, and A. Faridani, Phys. Rev. Lett. 70, 1244 (1993).
18. S. Mancini, V. I. Man'ko, and P. Tombesi, Quantum Semiclass. Opt. 7, 615 (1995).
19. G. M. D'ariano, U. Leonhardt, and H. Paul, Phys. Rev. A 52, 1801 (1995).

824

Mancini, Man'ko, and Tombesi

20. G. M. D'Ariano, S. Mancini, V. L Man'ko, and P. Tombesi, Quantum Semiclass. Opt. 8,
1017 (1996).
21. S. Mancini, V. I. Man'ko, and P. Tombesi, Phys. Lett. A 213, 1 (1996).
22. H. P. Yuen, Phys. Rev. A 13, 4226 (1976).
23. C. M. Caves, Phys. Rev. D 23, 1693 (1981).
24. C. W. Gardiner, Quantum Noise (Springer, Heidelberg, 1991 ).
25. V. V. Dodonov, I. A. Malkin, and V. I. Man'ko, Physica 72, 597 (1974).
26. V. V. Dodonov and V. I. Man'ko, Invariants and Evolution of Nonstationary Quantum
Systems (Proceedings of Lebedev Physical Institute 183), M. A. Markov, ed. (Nova
Science, Commack, New York, 1989).
27. W. H. Louisell, Quantum Statistical Properties of Radiation (Wiley, New York, 1973).
28. J. A. Wheeler and W. H. Zurek, eds., Quantum Theory and Measurement (Princeton
University Press, Princeton, 1983).
29. J. S. Bell, Speakable and Unspeaskable in Quantum Mechanic's (Cambridge University
Press, Cambridge, 1987).
30. I. Percival, Nature (London) 351, 357 (1991).
31. D. Home and R. Chattopadhyaya, Phys. Rev. Lett. 76, 2836 (1996).
32. J. von Neumann, Mathematische Grundlagen der Quantenmechanik (Springer, Berlin,
1932).
33. A. O. Caldeira and A. J. Leggett, Phys. Rev. A 31, 1059 (1985); V. Hakim and
V. Ambegoakar, Phys. Rev. A 32, 423 (1985); D. F. Walls and G, J. Milburn, Phys, Rev,
A 31, 2403 (1985).
34. U. Leonhardt and H. Paul, Phys, Rev. Lett. 72, 4086 (1994).
35. R. Loudon and P. Knight, J. Mod. Opt. 34, 709 (1987).
36. A. Royer, Found. Phys. 19, 3 (1989).
37. B. V. Gnedenko, The Theory of Probability (Chelsea, New York, 1962).
38. C. W. Gardiner, Handbook of Stochastic Methods (Springer, Heidelberg, 1985).
39. T. J. Dunn, I. A. Walmsley, and S. Makumel, Phys. Rev. Lett. 74, 884 (1995).
40. O. Man'ko, J. of Russian Laser Research 17, 439 (1996).
41. U. Leonhardt and M. G. Raymer, Phys. Rev. Lett. 76, 1985 (1996).

