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Abstract

In this study, we provide a way to describe the dynamics of quantum tomography in an open
system with a generalized master equation, considering a case where the relevant system under
tomographic measurement is influenced by the environment. We apply this to spin tomography
because such situations typically occur in SR (muon spin rotation/relaxation/resonance)
experiments where microscopic features of the material are investigated by injecting muons as
probes. As a typical example to describe the interaction between muons and a sample material,
we use a spin-boson model where the relevant spin interacts with a bosonic environment. We
describe the dynamics of a spin tomogram using a time-convolutionless type of generalized
master equation that enables us to describe short time scales and/or low-temperature regions.
Through numerical evaluation for the case of Ohmic spectral density with an exponential cutoff,
a clear interdependency is found between the time evolution of elements of the density operator
and a spin tomogram. The formulation in this paper may provide important fundamental
information for the analysis of results from, for example, SR experiments on short time scales

and/or in low-temperature regions using spin tomography.

Keywords: tomography, muons, quantum dissipative systems

1. Introduction

The relationship between quantum states and classical prob-
ability functions has been intensively studied since the 1930s.
Two important early approaches were those of Pauli [1] and
Wigner [2]. Pauli discussed the possibility of determining a
wave function for a quantum particle using probability
functions of position W (X¥) and momentum W (H) [1].
Because these functions do not describe the uncertainty
principle between the position and momentum, Pauli’s
approach had limited success. Wigner attempted to identify a
probability function with a generating function for a spatial
correlation function. However, because this function can take
negative values, it is categorized as a quasi-probability
function. On the basis of these early approaches, there have
subsequently been numerous quasi-probability functions
proposed, such as the Hushimi Q-function [3] and the
Sudarshan—Glauber P-function [4, 5].

The problem of the Wigner function being able to take
negative values was solved using a Radon transform, which

0031-8949/15/074064+08$33.00

enables a positive probability function to be obtained by
integrating along straight lines in phase space and recon-
structing the Wigner function with the slices [6]. Such a
tomographic concept was also proposed to reconstruct a
Wigner function, Hushimi Q-function and Sudarshan—Glau-
ber P-function using a probability distribution for a rotated
quadrature phase [7], which has been demonstrated to
reconstruct a vacuum and/or squeezed light state with
Homodyne detection [8, 9].

Although it has been demonstrated that a quantum state
can be reconstructed with a measurable probability distribu-
tion (called a tomogram), the subject system was limited to a
light field. Such a limitation can be removed by the gen-
eralization of the rotation of quadratures to a symplectic
transform to include shift and squeezing [10]. This general-
ization led to various developments such as the dynamics of
tomography [11, 12], spin systems [13—17] as well as tomo-
graphy on curved surfaces [18, 19]. The association between
the density operator and the spin tomogram can be considered
as a special case of mapping from Hilbert space operators

© 2015 The Royal Swedish Academy of Sciences Printed in the UK
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onto a space of ordinary functions equipped with a star pro-
duct, which provides us with a way to map the time evolution
of density operators with an ordinary function [20-22]. The
spin tomogram is directly related to measurements of the SR
(muon spin rotation/relaxation/resonance) method [23].
Tomography has been extended to incorporate reduced
dynamics under environmental influences with dynamical
maps [22, 24] and a relaxation process using a Markovian
approximation [25, 26].

With the development of experimental techniques, the
observable times and temperatures have become shorter and
lower, respectively. For example, the muon spin relaxation for
a spin % Kagomé lattice has been experimentally studied at
low temperatures from 7 ~ 50 mK to a few K to describe the
non-Markovian time evolution, which cannot be described by
exponential decay [27]. To describe such a relaxation process,
it is necessary to extend the tomographic representation
beyond the Markovian approximation.

In this work, we provide an approach to extend the
tomographic representation to an open system to treat the
non-Markovian relaxation process using a generalized master
equation. We apply the obtained formalism to a spin-boson
model [28, 29], which has been extensively used in con-
densed matter physics. We describe the dynamics of spin
tomograms to explain the graphical representation of the
probability function for a spin system, which can provide
valuable fundamental information for muon relaxation
experiments.

This paper is organized as follows: in section 2, we
provide an approach to quantum tomography for an open
quantum system. We apply this to a spin tomogram in
section 3. In section 4, we present a description of the time
evolution of the spin tomogram for a spin-boson system. This
is followed by a numerical evaluation in section 5. Con-
cluding remarks are presented in section 6.

2. An approach to quantum tomography for open
quantum system

In this section, we introduce an extension of quantum
tomography to an open quantum system after reviewing the
general approach to a tomographic system [30, 31, 33].

Let us consider a quantum system that consists of N
degrees of freedom described with commuting Hermitian
operators Al, Az LA ~- We describe a quantum state of the
system with a density operator p that is a trace class and
Hermitian operator, such as

Trp=1, p'=p,

and satisfies positivity which means the eigenvalues of p are
non-negative [34]. This enables us to interpret the diagonal
elements of p as a probability, expressed as

(al pla) >0,

where |a) is a set of vector basis which consists of the
eigenstates of the operators, Ay, with 1 < k < N [31].

Using a Hermitian projection operator
1, = |a)(al, (M

we extract a state |a) and describe the probability of finding
the system in that state as

Pra =T 1la p]- )

The transformation of the projection operator with a unitary
operator U (£)

11,(&) = Ut (&) |a)(a| U (@), 3)

where £ is a set of parameters to describe the unitary
operation, gives the probability in the form

Pua @) =T La(@)p ] = (al U@pUT ©)la)
=w(a, ), @)

which is called a tomogram. The tomogram enables us to
describe a quantum state while preserving the quantum
property. When treating a spin system, U (£) corresponds to
the rotation operators expressed using Euler angles
(equation (8)), and hence the spin tomogram describes the
probability in a rotated axis.

With the inversion of equation (4) such as

p= /da fds wa, &) K (a, &), )

we can reconstruct the original quantum state with the
tomogram. For this purpose, we need to obtain a family of
operators K (a, £) that enable an unknown quantum state to
be determined from the tomogram.

Next, let us consider the description of an open quantum
dynamics system for a tomographic image. For this purpose,
we consider that the relevant quantum system under mea-
surement interacts with its environment. Defining the quan-
tum state of the total system as W, which includes both the
quantum system and its environment, and considering that the
projective measurement in a transformed reference is per-
formed only for the relevant system, the tomogram for the
relevant system can be defined as

wia, ="Tr| (&) ® Ie)W]|="Trs[ (&) (TreW)]

=(al U©)psU'(®)a),
(6)

where Tr, Trs and Trg denote the trace operations over the
total system, the relevant quantum system and its environ-
ment, respectively, and Ig is the identity operator for the
environment. In equation (6), the quantum state being
measured can be treated as a reduced system obtained by
averaging over the environmental state and can be defined as
ps = TrgW. While the tomogram for an open system is
described with a dynamical map [22, 24] and relaxation
process under a Markovian approximation [25, 26],
equation (6) enables us to reconsider these tomograms from
a unified viewpoint that includes non-Markovian dynamics.

In the uSR experiments, we detect positrons emitted from
muons that are injected into a sample material [32]. Since the
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positrons are preferentially emitted along the direction of
muon spin, the detection of positrons tells us the dynamics of
muon spin which are under influence of its surroundings in
the material. Such situations show a good correspondence to
that described in equation (6) when we apply it to spin
tomograms as is shown in the next section.

3. Spin tomography

Let us consider a state of spin with magnitude j under the
influence of environmental effects using the spin tomogram
devised in [13-17, 20-22]. Defining an operator of the spin as
S, which has a z-component of S, and defining the simulta-

. 4 a2 ; .
neous eigenstate of S, and S~ as |j, m), we obtain

Sclismy=mlj,my, §li,my=jG+Dljm)y, (D

which gives the probability of finding the spin along the z-
axis as pg,,,, = (j, m| ps |j, m). In spin tomography, the
unitary transformation of the projection operator rotates the
axes of the measurement, which we describe with Euler
angles ¢, 6 and y as

UE)=R(,0,y) = ei¥S:ei08,gidS: ®)

where §_\, is the y-component of the spin operator S.
Substituting equation (8) into (6), we obtain a tomogram that
describes the probability of the projection of the state |j, m;)
under the influence of environmental parameters onto the
rotated z-axis in the form

w(ml, ¢, 0, 1//)

= (j. mi| R(¢. 0, y)psR* (. 0. y)j, m1)
Dr(r{{,ml/(gb’ 9’ y/)f)S,ml/,mTDn({{TmZ’(gb’ 0? l//)’
ml'=—jm2'=—j 9)

where D,E,"l)qmlf(qb, 0, v) is the Wigner D function, which is
defined as

DJ)u(9, 0, w) = e"Vd), (0)e™?, (10)
where
. , . , 172 m' +m
dJ),,(0) = GHm)iG=m)t (cosg) '
X (sin g) PJ(’_"’,n_,'n,m’ﬂn) (COS 9)’ (1 1)

with the Jacobi polynomial P,g“’b) (x) [35]. Using the complex
conjugation property of the Wigner D function,

DA (¢, 0, y) = (=1y"="2DO (9, 0, w)

in equation (9), we find that the angle y is not necessary to
define the spin tomogram. In the following, we omit y from
w(mi, ¢, 0, ).

It has been shown that the tomogram can be inverted to
reconstruct its corresponding density operator using the

N

0.5

A

1
0

-1 -05

o

0.5

Figure 1. 3D representation of the tomogram for the case of
6y = ¢, = 0 in equation (14).

expression
S L [ a0 0) D 0
pP= mlg_jﬂ—/(‘) ¢A W(ml’ ¢’ ) (mh ¢’ )’

where D (my, ¢, 0) is called the quantized operator, which has
been defined in several ways using the Wigner D function
[14], a dynamical Lie group [31], and the star product [22].
Moreover, the reduction of the reconstruction with the
integration over the 4z-steradian full solid angle into a finite
number of rotations is proposed in [17], which requires the
probabilities associated with only the three directions for a
spin % system. In the following, we focus on the spin
tomogram, w (my, ¢, @), which enables the spin state to be
represented in the form of a probability function.
For a spin % system, the tomogram is given by

1
(59
= cos? (g)ps 11+ sin? (g)ps Y
2) >22 2) 722
+sin(g) cos(g){ei%sl_l + e g _11},
2 2 2772 22

w(=3.¢.0)=1-w(, ¢, 0). The

w(%, ¢, ) corresponds to the diagonal elements of a density

12)

and tomogram

operator for a spin % system with an atomic coherent state
[36] (the inverse of which is discussed in [37]) and with a spin
coherent state [38—40].

When we consider a pure state as pg = |@){¢p]| for a
superposed state |¢) written as

0 00\ . _
|@) = cos (70)‘%, %> + sin(?o)e"/’o ‘%, 71>, (13)

we obtain

2 9() 90 . 90 —i¢
cos ? cos ? sin —e ™' %o
] ) (14)
cos 2 sin —Oei4’0 sin? 2
2 2 2

In figure 1, we show a plot of w(%, ¢, 9) for pg with
6o = ¢, = 0 in equation (14) as a 3D representation of a
curved surface. The distance between the origin and each
point on the surface is the probability observed in the rotated
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reference with the polar angle (8, ¢) of the corresponding
point on the surface.

There is a small probability in the region of Z < 6 < 7,
which means that a near-opposite direction may be found in a
pure state pg = |%, %)(%, %l as the projection of m = % onto
the rotated reference frame in (0, ¢). This figure clearly
shows that the spin tomogram can describe the quantum
nature of a density operator.

In the next section, we apply the obtained spin tomogram
to an open system where the time evolution of the spin %
system is described with the spin-boson model.

4. Application to a spin-boson model

Let us consider the dynamics of an open system, which is
described by a relevant spin % system that interacts with its
environment. We consider that the environment consists of an
infinite number of bosons. As an example of the spin-boson
model, we take a system with a total Hamiltonian H of

H = Hs + Hg + Hsg, (15)

where Hs is the relevant spin % system, Hg represents the
environment and Hgsg denotes the system—environment
interaction. These terms are defined as

Hs = Z em |my(m|, Hg= Zha)kb;bk,
k

m=0,1

Hsg = {Zhgk(b/j + bk)}(|0><1 | + 1 1)0), (16)
k

where |0) = |%, —%) and |1) = |%, %), and b, and by are the
creation and annihilation boson operators of the kth mode of
the environment, and &, — gy = hwy.

The time evolution of the density operator for the total
system, W(f), is described with the Liouville~von Neumann
equation as

ifz%W(t) =[H, W ()] (17)

To obtain the dynamics of the relevant system
ps(t) = TrgW (¢) under the system—environment interaction,
we use the generalized master equation approach.

We assume that the initial condition of the total system
can be described by a factorized form comprising the relevant
system and the environment as W (0) = pg(0)pg, where we
define p4(0) and py as the initial states of the relevant system
and the environment, respectively. We set p; to be in Gibbs

states such as pp = ZL exp[—pgHel, where we define the
E
partition functions as Zg = Trg exp[—pgHg] with an inverse
temperature By = kLT for the Boltzmann constant kg. In
B

general, the assumption of the factorized initial condition is
justified for weak system—environment interactions. However,
in the uSR experiment, the factorized initial condition
represents the situation where the muons are initially injected
into a material.

We use the time-convolutionless type of generalized
master equation [41-44] in the form

d
— t
les( )

= — 35050

+ [ de Tl (125 L5 (-0) (peps @) ]

(18)
where Lgg () is defined as

1
Lse(HA = E[HSE(U, Al, (19)
for an arbitrary operator A, and Hsg(¢) is the Heisenberg
picture of Hgg, which is defined as

HSE ([) — e(i/h)Hot]_ISEe—(i/fl)Hot (20)

with Hy = Hg + Hg. Note that equation (18) is written in the
original picture and not in the interaction picture.

In equation (18), we take up to the second order of the
‘ordered” cumulant. The first ‘ordered’ cumulant vanishes
because TrgpgHsg = 0 for this model, as expressed in
equation (16).

We transform the reduced density operator pg(¢) into a

vector using |pg(t)) = (ps.00(1), Ps,01(1): Ps,10(®): ps,11 ()
[45], which gives [46]

|/’s(l)> =T eXP[[: dtlg(f')]‘ﬂs(0)>’ (21)
with
2@ = E,
Vir) 0 0 -V
I I AORES SOR
_fo ' 0 -new v 0
—Viz) 0 o v |

In equation (22), = is a diagonal matrix with diagonal
elements of [0, iw(, —iw(, 0] and

Vi(r) = { @ (r)eFo0r 4 cb(—r)eriww}, (23)
Yu(7) = 2R(P (7)™, (24

with
@(2) = 3 g2 ((bibeye™ + (bibf)e 7). (25)

k

Equation (21) demonstrates that the time dependence of
the diagonal and off-diagonal elements of the density operator
are decoupled. Moreover, equation (21) is an extension of
equation (31) in [26], which can be used to describe non-
Markovian dynamics.

When we use continuous spectral density for the
coupling  strength g, in  equation (25) as
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h(w) = Zk gk25(a) — wy), we obtain
D (7)
= /oo da)h(a)){n(w)ei’”f + (1 + n(w))e—imf}
0

= foo doh(w){(1 + 2n(w))cos(wr) — i sin(wr)},
’ (26)

with n(w) = /(e — 1).

Using the time evolution of the reduced density operator
described by equation (21) in equation (12) with the corre-
spondence as Psi1 Ps.11(0); J © pg.o0(f) and so
on, we obtain the dynamics for a tomogram for an open
quantum system.

When we set the upper limit of the integral in the second
term in equation (27) to infinity, we obtain the semi-group
type of generator, the so-called Gorini—Kossakowski—Sudar-
shan-Lindblad (GKSL) form [47]. In the next section, we
numerically evaluate the dynamics of the elements of the
density operator and tomogram by describing i (w) as the
Ohmic spectral density for both the non-Markovian and
GKSL (Markovian) cases.

5. Numerical evaluation of spin tomogram

Let us consider the Ohmic spectral density with an expo-
nential cutoff, 7 (w) = s w exp[—w/w.], where s is the cou-
pling strength and @, is the cutoff frequency. In this case, an
analytic form of @ (z) can be expressed as

D (7)
w? (1 - ifcoc)2

(1 + 720)62)2

1 , 1 T
ol )l
B Po. p 27)

with y'(z) = d%y/ (z) where y(z) is a polygamma function
defined in terms of the Euler Gamma function I'(z) as
v () =T @/T @)

Substituting equation (27) in (21), we obtain the time
evolution of p,(¢) and p,, (t). We scale the time variable as
f = wot and the cutoff frequency as @. = w./wy and set
s = 0.01, which means a weak system—environment interac-
tion. In figure 2, the time evolution of p, () is shown for an

initial condition of a pure state determined by 8y = ¢, = %” in
equation (14) and for the environmental temperature T
determined as kg T = Shwy.

Increasing @, from 0.3 to 3 for the non-Markovian cases
(solid lines in figure 2), the behavior changes from oscillatory
to monotonic, with both cases asymptotically approaching a
stationary value determined by the environmental tempera-
ture. Because the cutoff frequency w, corresponds to the
reciprocal of the correlation time of the system—environment
interaction, the oscillation for @, = 0.3 indicates back action
from the environment because of the long system—environ-
ment correlation time. The Markovian GKSL cases (for
@, = 0.3 and 3) are given in the dashed lines in figure 2, both

0.80 —

0.75 —

\|.=3 (non-Markov)

T\ ©,=0.3 (non-Markov)

Poo(®)

0.70 —

0.65 —

0.60 —

Figure 2. Time evolution of p, () for s = 0.01 with changing
@, = 0.3 and @, = 3 for an initial condition of a pure state
determined by 6y = ¢, = 37” in equation (14) and for the environ-

mental temperature 7 determined as kgT = S5hw,. The solid and

dashed lines refer respectively to the non-Markovian cases and those
obtained with the GKSL form.

Re(py, (D) |
(non-Markov)|  /

o
w

o
Ny
1

l
]

o
1

=4
5]

Re(py, (E), Im(py, (£))

-0.1 4

-0.2 4

-0.3

Figure 3. Time evolution of R(p,, (¥)) and T(p,, (7)) for &. = 0.3.

All other parameters are the same as in figure 2. The solid and
dashed lines refer respectively to the non-Markovian cases and those
obtained with the GKSL form.

of which exhibit monotonic decay. The difference between
the non-Markovian and Markovian cases for @. = 0.3 is
larger than that for @. = 3. Because the Markovian GKSL
form is obtained on the assumption that the system—envir-
onment correlation time is infinitely short, this feature is
reasonable.

Figure 3 shows the time evolution of R(p,, (7)) and
J(py, (7)) for &, = 0.3 with the same parameters as in
figure 2. The solid lines show the non-Markovian cases and
the dashed lines refer to those for the GKSL form. For both
cases, the oscillation of the off-diagonal element persists for a
long time because of the long system—environment correla-
tion time as determined by @. = 0.3. The amplitude of the
oscillation for the non-Markovian cases undergoes a faster
decay than for the Markovian cases, and thus reflects the
decay occurring in the diagonal elements.
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Re(p,, (D)
(non-Markov)

Re(py, ©)
(Markov)

Re(py, (£)), Im(py,(F))

Im(py, ()
(Markov)

Im(py, ()
(non-Markov)

£=3. (non—Markov)

t=3. (Markov)

14 W7
0.5} 0.5F
o} - 0t - X
-0.5} v —0.5}
-05 0 0.5 -050 05

-l

Figure 4. Time evolution of R (p, (7)) and T (p,, (7)) for &. = 3. All
other parameters are the same as in figure 2. The solid and dashed

Figure 6. The tomograms for the non-Markovian and Markovian
cases for @, = 0.3 at 7 = 3. The left (right) figure shows the non-
Markovian (Markovian) cases. All other parameters are the same as
in figure 2.

lines refer respectively to the non-Markovian cases and those

obtained with the GKSL form.

t=1. (non—Markov)
A

N

t=3. (non—Markov)
A

i/
0.5} 0.5}
o} - x| of - X
—0.5} | ~0.5} 1Y

-05 0 05

t=5. (non—Markov)
A

-05 0 0.5

t=7. (non—Markov)
A

t=1. (non—Markov) t=3. (non—Markov)
/ /
0.5} 0.5}
o} - of +HEE-X
-0.5} -0.5} AN
-0.5 0 0.5 -05 0 05
t=5. (non—Markov) t=7. (non-Markov)
N . 7
0.5} 0.5
\
Of - o} +H X
-0.5}F -0.5}
-05 0 0.5 -0.5 0 0.5

0.5F 0.5F
of - X| o} - X
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Figure 5. Time evolution of a tomogram w(%, ¢, 9) for @, = 0.3 at

f =1, 3, 5, 7 for the non-Markovian cases. All other parameters are
the same as in figure 2.

In figure 4, we show the time evolution of R(p,, (¥)) and
J(py, (7)) for @, = 3 where all other parameters are the same
as in figure 2. The solid lines show the non-Markovian cases
and the dashed lines refer those for the Markovian GKSL
form. For both cases, the oscillations of the off-diagonal
element decay with time because of the short system—envir-
onment correlation time corresponding to @&, = 3. The eva-
luations for the Markovian form show a faster decay than for
the non-Markovian cases which corresponds to the feature in
the diagonal elements.

In figure 5, we show the time evolution of a tomogram
w(%, ¢, 0, y) forw. =03 at7=1,3,5,7 for non-Marko-
vian cases. All other parameters are the same as in figure 2.

Figure 7. Time evolution of the tomogram w(%, ¢, 0) for &, = 3 at

f =1, 3,5, 7 for the non-Markovian cases. All other parameters are
the same as in figure 2.

The oscillation of p, () and p,, (), which persists for a long
time as shown in figures 2 and 3, indicates that the tomogram
rotates in this time range while retaining its asymmetrical
shape.

Figure 6 gives tomograms for the non-Markovian and
Markovian cases for @, = 0.3 at 7 = 3. Comparing these
tomograms, we find the probability of finding positive values
is slightly larger for the Markovian case than for the non-
Markovian case. This reflects the time evolution of the ele-
ments of the density operator shown in figures 2 and 3.
Tomograms for the other Markovian and non-Markovian
cases are very similar (figure 5).

In figure 7, the time evolution of the tomogram
w(%, ¢, ) for the non-Markovian case is shown when @, is

increased to 3 for 7 = 1, 3, 5, 7 with the same parameters as
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in figure 2. In contrast to the case with @. = 0.3 shown in
figure 5, the tomogram loses its asymmetrical shape with time
as the relevant system approaches a stationary state. The
tomograms for the Markovian and non-Markovian cases
(figure 7) are very similar as expected from the time evolution
of the elements of density operator (figures 2 and 4).

6. Concluding remarks

In this paper, we developed a way to describe the quantum
tomography of an open system using a generalized master
equation. We applied this to a spin tomogram, considering a
case where the relevant spin under tomographic measurement
suffers inevitable effects from the environment. Describing
such effects with a spin-boson model where the relevant spin
interacts with a bosonic environment, we obtained a time-
convolutionless type of generalized master equation. We
transformed the obtained master equation into the Hilbert—
Schmidt space and found an analytic form of the supermatrix,
which determined the time evolution of the density operator
of the spin for the Ohmic spectral density with an exponential
cutoff. With the obtained supermatrix, we numerically eval-
uated the time evolution of elements of the density operator
and spin tomogram, which showed clear interdependency.

Here we mention the relationship between the spin
tomogram w (my, 8, ¢p) and the SR experiments. If we can
place the positron detectors so as to cover the 4 steradian in
measuring an ensemble of muons, we could obtain the
tomogram of the spin state, which enables the reconstruction
of p by averaging a quantizer operator over the tomogram as
discussed in section 3. However, such an experimental setup
is challenging as discussed in [23]. To overcome such diffi-
culties, it has been reported in [17] that the reconstruction is
possible with a finite number of rotations which requires the
probabilities in only three directions in measuring the spin %
system. Such reconstructions share similar concepts found
with the method discussed in [48]. As these methods require
the measurements of the spin state in finite directions, to
increase the accuracy of reconstruction of p, we need a greater
number of measurements. The graphical representation of the
probability function of spin state as discussed in this paper
provides the detailed physical background for the need for
such a great number of measurements. We believe this for-
mulation will provide the fundamental information for the
analyses of experimental techniques such as ySR over short
time scales and/or at low temperatures.

Acknowledgments

The author appreciates fruitful discussions on the dynamics of
open systems for spin tomograms with Professor V I Man’ko,
Professor M A Man’ko, Professor S Pascazio and Professor G
Marmo. The author also thanks Dipartimento di Fisica, Uni-
versitd di Bari for its kind hospitality. This work is partially

supported by a Grant-in-Aid for Scientific Research (B)
(KAKENHI 25287098).

References

[1] Pauli W 1933 Handbuch der Physik ed H Geiger and K Scheel
(Berlin: Springer)
Pauli W 1980 General Principles of Quantum Mechanics
(Berlin: Springer) section 3 (Engl. transl.)
[2] Wigner E 1932 Phys. Rev. 40 749
[3] Husimi K 1940 Proc. Phys. Math. Soc. Japan. 22 264
[4] Sudarshan E C G 1963 Phys. Rev. Lett. 10 177
[5] Glauber R J 1963 Phys. Rev. Lett. 10 84
[6] Bertrand J and Bertrand P 1985 Found. Phys. 17 397
[7] Vogel K and Risken H 1989 Phys. Rev. A 40 2847
[8] Smithey D T, Beck M, Raymer M G and Faridani A 1993
Phys. Rev. Lett. 70 1244
[9] Schiller S, Breitenbach G, Pereira S F, Muller T and Mlynek J
1996 Phys. Rev. Lett. 77 2933
Mancini S, Man’ko V I and Tombesi P 1995 Quantum
Semiclass. Opt. 7 615
Mancini S, Man’ko V I and Tombesi P 1996 Phys. Lett. A
213 1
Mancini S, Man’ko V I and Tombesi P 1997 Found. Phys.
27 801
Dodonov V V and Man’ko V I 1997 Phys. Lett. A 229 335
Manfko V I and Man’ko O V 1997 J. Exp. Theor. Phys. 85 430
Filippov S N and Man’ko V 12009 J. Russ. Laser Res. 30 129
Filippov S N and Man’ko V 12009 J. Russ. Laser Res. 30 224
Filippov S N and Man’ko V 12010 J. Russ. Laser Res. 31 32
Asorey M, Facchi P, Man’ko V I, Marmo G, Pascazio S and
Sudarshan E C G 2007 Phys. Rev. A 76 012117
Asorey M, Facchi P, Man’ko V I, Marmo G, Pascazio S and
Sudarshan E C G 2008 Phys. Rev. A 77 042115
Man’ko O V, Man’ko V I and Marmo G 2000 Phys. Scrpt.
62 446
Man’ko O V, Man’ko V I and Marmo G 2000 J. Phys. A:
Math. Gen. 35 699
Manfko M A, Man’ko V I and Mendes R V 2006 J. Russ.
Laser Res. 27 507
Belousov Yu M, Filippov S N, Gorelkin V N and Man’ko V I
2010 J. Russ. Laser Res. 31 421
Man’ko V I, Marmo G, Sudarshan E C G and Zaccaria F 2004
The geometry of density states, positive maps and
tomograms Symmetries in Science XI ed B J Gruber,
G Marmo and N Yoshinaga (Dordrecht: Kluwer)
pp 395443
Belousov Yu M, Filippov S N, Man’ko V I and Traskunov I V
2011 J. Russ. Laser Res. 32 584
Belousov Yu M, Filippov S N, Man’ko V I and Traskunov I V
2012 Opt. Spect. 112 359
Fukaya A et al 2003 Phys. Rev. Lett. 91 207603
Leggett A J, Chakravarty S, Dorsey A T, Fisher M P A,
Garg A and Zwerger W 1987 Rev. Mod. Phys. 59 1
Weiss U 1999 Quantum Dissipative Systems (Singapore:
World Scientific)
Mancini S, Man’ko O V, Man’ko V I and Tombesi P 2001
J. Phys. A: Math. Gen. 34 3461
Klimov A B, Man’ko O V, Man’ko V I, Smirnov Yu F and
Tolstoy V N 2002 J. Phys. A: Math. Gen. 35 6101
Heffner R H and Fleming D G 1984 Phys. Today 37 38
Belousov Yu M, Gorelkin V N, Mikaelyan A L,
Miloserdin V Yu and Smilga V P 1979 Sov. Phys.-Usp. 22
679
Belousov Yu M, Gorbunov V N, Smilga V P and Fesenko V I
1990 Sov. Phys.-Usp. 33 911

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]
[26]

[27]
(28]

[29]
[30]
[31]

[32]


http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1103/PhysRevLett.10.277
http://dx.doi.org/10.1103/PhysRevLett.10.84
http://dx.doi.org/10.1007/BF00733376
http://dx.doi.org/10.1103/PhysRevA.40.2847
http://dx.doi.org/10.1103/PhysRevLett.70.1244
http://dx.doi.org/10.1103/PhysRevLett.77.2933
http://dx.doi.org/10.1088/1355-5111/7/4/016
http://dx.doi.org/10.1016/0375-9601(96)00107-7
http://dx.doi.org/10.1007/BF02550342
http://dx.doi.org/10.1016/S0375-9601(97)00199-0
http://dx.doi.org/10.1134/1.558326
http://dx.doi.org/10.1007/s10946-009-9065-2
http://dx.doi.org/10.1007/s10946-009-9077-y
http://dx.doi.org/10.1007/s10946-010-9122-x
http://dx.doi.org/10.1103/PhysRevA.76.012117
http://dx.doi.org/10.1103/PhysRevA.77.042115
http://dx.doi.org/10.1238/Physica.Regular.062a00446
http://dx.doi.org/10.1088/0305-4470/35/3/315
http://dx.doi.org/10.1007/s10946-006-0032-x
http://dx.doi.org/10.1007/s10946-010-9164-0
http://dx.doi.org/10.1007/s10946-011-9250-y
http://dx.doi.org/10.1134/S0030400X1203006X
http://dx.doi.org/10.1103/PhysRevLett.91.207603
http://dx.doi.org/10.1103/RevModPhys.59.1
http://dx.doi.org/10.1088/0305-4470/34/16/314
http://dx.doi.org/10.1088/0305-4470/35/29/312
http://dx.doi.org/10.1063/1.2915987
http://dx.doi.org/10.1070/PU1979v022n09ABEH005606
http://dx.doi.org/10.1070/PU1979v022n09ABEH005606
http://dx.doi.org/10.1070/PU1990v033n11ABEH002655

Phys.

Scr. 90 (2015) 074064

C Uchiyama

[33]
[34]
[35]
[36]
[37]
[38]
(391

[40]
[41]

Ibort A, Man’ko V I, Marmo G, Simoni A and Ventriglia F
2009 Phys. Scrpt. 79 065013

Sudarshan E C G, Mathews P M and Rau J 1961 Phys. Rev.
121 920

Landau L D and Lifshitz E M 2003 Quantum Mechanics 3rd
edn (Oxford: Butterworth-Heinemann)

Arecchi F T, Courtens E, Gilmore R and Thomas H 1972 Phys.

Rev. A 6 2211
Agarwal G S 1998 Phys. Rev. A 57 671
Takahashi Y and Shibata F 1976 J. Stat. Phys. 14 49
Shibata F and Uchiyama C 1993 J. Phys. Soc. Japan. 62
381
Shibata F and Uchiyama C 1995 Physica A 214 242
Kubo R 1963 J. Math. Phys. 4 174
Hénggi P and Thomas H 1977 Z. Phys. B 26 85
van Kampen N G 1974 Physica 74 215
van Kampen N G 1974 Physica 74 239

[42]

[43]
[44]

[45]
[46]
[47]

(48]

Hashitsume N, Shibata F and Shingu M 1977 J. Stat. Phys. 17
155

Shibata F, Takahashi F and Hashitsume N 1977 J. Stat. Phys.
17 171

Chaturvedi S and Shibata F 1979 Z. Phys. B 35 297

Shibata F and Arimitsu T 1980 J. Phys. Soc. Japan. 49 891

Uchiyama C and Shibata F 1999 Phys. Rev. E 60 2636

Breuer H-P and Petruccione F 2002 The Theory of Open
Quantum Systems (New York: Oxford University Press)

Man’ko V I, Marmo G, Sudarshan E C G and Zaccaria F 2004
Phys. Lett. A 327 353

Uchiyama C 2014 Phys. Rev. E 89 052108

Gorini V, Kossakowski A and Sudarshan E C G 1976 J. Math.
Phys. 17 821

Lindblad G 1976 Commun. Math. Phys. 48 119

Nielsen M A and Chuang I L 2000 Quantum Computation and
Quantum Information (Cambridge: Cambridge University Press)


http://dx.doi.org/10.1088/0031-8949/79/06/065013
http://dx.doi.org/10.1103/PhysRev.121.920
http://dx.doi.org/10.1103/PhysRevA.6.2211
http://dx.doi.org/10.1103/PhysRevA.57.671
http://dx.doi.org/10.1007/BF01020134
http://dx.doi.org/10.1143/JPSJ.62.381
http://dx.doi.org/10.1143/JPSJ.62.381
http://dx.doi.org/10.1016/0378-4371(94)00218-I
http://dx.doi.org/10.1063/1.1703941
http://dx.doi.org/10.1007/BF01313376
http://dx.doi.org/10.1016/0031-8914(74)90121-9
http://dx.doi.org/10.1016/0031-8914(74)90122-0
http://dx.doi.org/10.1007/BF01040099
http://dx.doi.org/10.1007/BF01040099
http://dx.doi.org/10.1007/BF01040100
http://dx.doi.org/10.1007/BF01319852
http://dx.doi.org/10.1143/JPSJ.49.891
http://dx.doi.org/10.1103/PhysRevE.60.2636
http://dx.doi.org/10.1016/j.physleta.2004.05.007
http://dx.doi.org/10.1103/PhysRevE.89.052108
http://dx.doi.org/10.1063/1.522979
http://dx.doi.org/10.1007/BF01608499

	1. Introduction
	2. An approach to quantum tomography for open quantum system
	3. Spin tomography
	4. Application to a spin-boson model
	5. Numerical evaluation of spin tomogram
	6. Concluding remarks
	Acknowledgments
	References



