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Abstract
We establish a new integral transform that reveals the relation of the density operator to
the Husimi operator. The connection between the Husimi function of a given state
(i.e. position–momentum-intermediate representation) and the tomography of an arbitrary
quantum state is revealed.

PACS numbers: 03.65.Wj, 02.30.Uu, 42.30.Wb, 42.50.Dv

1. Introduction

In conventional quantum mechanics, usually we use a
state vector in the Hilbert space or a density operator to
depict a quantum system. As an alternative approach, a
direct description of quantum states by means of positive
probability-distribution functions for system observables is of
interest from both the theoretical and the experimental point
of view. For a long time, physicists have been trying to find
such a classical-like description of quantum states and avoid
the notion of the wave function. Although the Heisenberg
uncertainty relation for the position and momentum of
quantum systems tells us that there does not exist an actual
joint probability-distribution function in the phase space of
quantum mechanics, some kinds of classical-like descriptions
of quantum states (i.e. quasi-probability distributions) have
still been introduced. These quasi-probability distributions
not only are useful as computational tools, but also provide
insights into the connection between classical and quantum
mechanics. These quasi-probability distributions allow one
to express quantum mechanical averages in a form similar
to classical averages. The prominent ones among these
quasi-probability functions are the Wigner function [1, 2],
the Husimi Q-function [3] and the Glauber–Sudarshan
P-function [4, 5]. They have been widely used as instruments
for calculations in quantum optics.

In recent years, quantum tomography has become a
useful tool for the recovery of the quantum state from a
set of measured probability distributions. In the context of
phase-space theory of quantum statistical physics, Vogel and
Risken [6] pointed out that the probability distribution for
the rotated quadrature phase can be expressed in terms of

the Wigner function. In quantum optics theory, all possible
linear combinations of the field quadratures µQ + ν P can be
measured by the homodyne measurement just by varying the
phase of the local oscillator. The average of the measurements,
at a given local oscillator phase, is related to the marginal
distribution of the Wigner function. This method has been
experimentally realized [7].

As is well known, the density operator can be expanded in
terms of a complete set of operators; one can clarify different
aspects of the quantum state by using different representations
to construct the corresponding density matrix. Analogously,
the case can also be seen in the tomographic approach [8–24].
For instance, in [9], a new tomographic representation
(squeeze tomography), which is the photon number analogous
to the case of photon-number tomographys, was introduced
to study the relation of the squeeze tomograms to the
symplectic tomograms. In [14], the authors realized the map
of the s-parameterized quasi-distribution function to the
corresponding quantum-state tomogram. In this work, based
on the fact that the Husimi operator 1h(q, p, κ) is just the
squeezed coherent state projector [25, 26], i.e. 1h(q, p, κ) =

|p, q, κ〉〈p, q, κ| and |p, q, κ〉 span a complete quantum
mechanical representation, our main aim is to try to find
the connection between the quantum-state tomogram and the
Husimi function.

The paper is organized as follows. In section 2, we briefly
review the knowledge about the Husimi operator. In section 3,
we introduce a new expansion of the density operator in terms
of the Husimi operator 1h(q, p, κ). In section 4, we establish
an integral transform that maps the Husimi function of the
position–momentum-intermediate representation |x〉µ,ν to the
corresponding quantum-state tomogram.
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2. The Husimi operator as the squeezed coherent
state projector

In order to overcome the inconvenience that the Wigner
distribution function itself can attain negative values and fail
to act as a probability distribution, the Husimi distribution
function Fh(q, p, κ) was naturally introduced [3]. It was
defined by smoothing out the Wigner function with the aid
of averaging over a ‘coarse graining’ function

Fh(q, p, κ) =

∫∫
∞

−∞

dq ′dp′1w
(
q ′, p′

)
× exp

[
−κ

(
q ′

− q ′
)2

−
(p′

− p)2

κ

]
= Tr [ρ1h (q, p, κ)], (1)

where κ is the Gaussian spatial width parameter, and
1w(q, p) and 1h(q, p, κ) are the Wigner and Husimi
operators, respectively. Equation (1) reveals the connection
between the Wigner function and the Husimi function.
Accordingly, the relation between 1h(q, p, κ) and 1w(q, p)

is

1h(q, p, κ) =

∫∫
∞

−∞

dq ′dp′1w(q ′, p′)

× exp

[
−κ(q ′

− q ′)2
−

(p′
− p)2

κ

]
. (2)

It is worth noting that equation (2), according to the Weyl
quantization scheme [27], shows that 1h(q, p, κ) is the
Weyl correspondence quantization operator of the so-called
‘coarse graining’ function e−κ(q

′
−q

′
)2

−(p
′
−p)2/κ . Furthermore,

the Husimi operator 1h(q, p, κ) is revealed to be just the
squeezed coherent state projector [25, 26],

1h(q, p, κ) = |p, q, κ〉 〈p, q, κ| , (3)

in which |p, q, κ〉 is a kind of squeezed coherent state and has
the form in the Fock space

|p, q, κ〉 =

(
2
√

κ

1 + κ

)1/2

exp

[
−κ

2 (1 + κ)
q2

−
p2

2 (1 + κ)

+

√
2a†

1 + κ
(κq + ip) +

1 − κ

2 (1 + κ)
a†2

]
|0〉

= S−1(
√

κ)D(α) |0〉

= S−1(
√

κ) |α〉 ≡ |α, κ〉 , (4)

where |α〉 is Glauber’s coherent state, α=(
√

κq + ip/
√

κ)/
√

2,
S−1(

√
κ) = exp[(a†2

− a2) ln(1/
√

κ)] is the usual squeezing
operator and D(α) = exp(αa†

− α∗a) is the standard
displacement operator. So κ in |p, q, κ〉 relates to both the
displacement and the squeezing. According to∫

dα2

π
|α, κ〉 〈α, κ| =

∫
dα2

π
S−1(

√
κ) |α〉 〈α| S(

√
κ) = 1,

(5)
|α, κ〉 is capable of making up a quantum mechanical
representation.

3. New representation of the density operator via the
Husimi operator

In this section, we present a new expansion formula about
the density operator. Based on the completeness relation in
equation (5), a density operator ρ can be expressed as

ρ =

∫
d2α

π
F(α) |α, κ〉 〈α, κ| . (6)

The function F(α) may be referred to as the squeezed
coherent state representation; it represents the density
operator ρ by means of a diagonal representation in terms of
the squeezed coherent state. In the following, it is necessary
to confine our attention to calculating F(α). Multiplying both
sides of equation (6) by the coherent state 〈−z| from the left
and |z〉 from the right, we obtain

〈−z| ρ |z〉 =

∫
d2α

π
F(α) 〈−z |α, κ〉 〈α, κ| z〉 . (7)

In view of equation (4) and the normally ordered form of the
single-mode squeezing operator [28]

S(
√

κ) =

√
sech(ln

√
κ): exp

[
−

a†2

2
tanh(ln

√
κ)

+(sech(ln
√

κ) − 1) a†a +
a2

2
tanh(ln

√
κ)

]
: , (8)

where the symbol :: denotes the normal ordering, we have

〈α, κ| z〉 =

√
sech(ln

√
κ) exp

[
−

1

2
|z|2 +

tanh(ln
√

κ)

2
z2

]
× exp

[
−

1

2
|α|

2
−

α∗2

2
tanh(ln

√
κ) + sech(ln

√
κ)α∗z

]
.

(9)

It then follows that

〈−z|α, κ〉〈α, κ|z〉 = sech(ln
√

κ) exp [sech(ln
√

κ)(α∗z

− αz∗)] exp

[
− |α|

2
− |z|2 −

tanh(ln
√

κ)

2
(α∗2 + α2)

+
tanh(ln

√
κ)

2
(z2 + z∗2)

]
. (10)

Substituting equation (10) into (7) and setting β =

sech(ln
√

κ)α yield

〈−z|ρ|z〉 =
1

sech(ln
√

κ)

∫
d2β

π
F

(
β

sech(ln
√

κ)

)
× exp

[
−

1

(sech(ln
√

κ))2
|β|

2
−

β∗2 + β2

2 tanh(ln
√

κ)

]
× exp

[
− |z|2 +

tanh(ln
√

κ)

2
(z2 + z∗2)

]
exp(β∗z − βz∗).

(11)

In view of β∗z − βz∗ being a purely imaginary quantity,
equation (11) is actually a two-dimensional Fourier-transform
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relation. On taking the Fourier inverse of equation (11), we
obtain the expression of F(α) as follows:

F(α) = sech(ln
√

κ) exp

[
|α|

2 +
tanh(ln

√
κ)

2
(α∗2 + α2)

]
×

∫
d2z

π
〈−z|ρ|z〉 exp

[
|z|2 −

tanh(ln
√

κ)

2
(z2 + z∗2)

]
× exp

[
sech(ln

√
κ)(αz∗

− α∗z)
]
. (12)

In particular, when κ = 1, F(α) becomes

F(α) = exp
(
|α|

2
) ∫ d2z

π
〈−z|ρ|z〉 exp

(
|z|2 + z∗α − zα∗

)
,

(13)
which is just the Glauber–Sudarshan P-representation [4, 5].

Note that when replacing the density operator ρ with an
arbitrary operator A in equations (6) and (12), they can still
hold, namely

A =

∫
d2α

π
F(α) |α, κ〉 〈α, κ| . (14)

Correspondingly, the representation F(β) reads

F(α) = sech(ln
√

κ) exp

[
|α|

2 +
tanh(ln

√
κ)

2
(α∗2 + α2)

]
×

∫
d2z

π
〈−z|A|z〉 exp

[
|z|2 −

tanh(ln
√

κ)

2
(z2 + z∗2)

]
× exp[sech(ln

√
κ)(αz∗

− α∗z)]. (15)

4. Calculation of the quantum-state tomogram on
the Husimi function

The tomographic symbol of a quantum state described by
the density operator ρ can be defined in terms of its Wigner
function, in view of the Radon transformation [29–33], as
follows:

w(x, µ, ν) =

∫∫
∞

−∞

dq dpδ(x − µq − νp)W (q, p). (16)

On the other hand, the Radon transform of the Wigner
operator can be concisely calculated:∫

dx ′dp′δ(p − µx ′
− νp′)1(x ′, p′) =

1√
π(µ2 + ν2)

:

× exp

[
−

p2

µ2 + ν2
+

i
√

2pa†

ν + iµ
−

i
√

2pa

ν − iµ
+

(ν − iµ) a†2

2 (ν + iµ)

+
(ν − iµ)2

2 (ν − iµ)
− a†a

]
: , (17)

where we have used the normally ordered expression for the
Wigner operator [34]

1 (x, p) =
1

π
: exp

[
− (x − Q)2

− (p − P)2
]

: . (18)

Using the normally ordered form of the vacuum state projector
|0〉〈0| =: e−a†a :, one can decompose the right-hand side of

equation (17) as∫
dx ′dp′δ(p − µx ′

− νp′)1(x ′, p′) = |x〉µ,ν µ,ν 〈x | , (19)

where we introduced a new vector

|x〉µ,ν =
1[

π(µ2 + ν2)
]1/4 exp

(
−

1

2(µ2 + ν2)
x2 +

√
2x

µ − iν
a†

−
µ + iν

2 (µ − iν)
a†2

)
|0〉 . (20)

If µ = 1, ν = 0, and µ = 0, ν = 1, then |x〉λ,ν reduces to the
coordinate eigenvector

|x〉1,0 = π−1/4 exp

[
−

q2

2
+

√
2qa†

−
a†2

2

]
|0〉 (21)

and the momentum eigenvector

|x〉0,1 = π−1/4 exp

[
−

p2

2
+

√
2ipa† +

a†2

2

]
|0〉 , (22)

respectively. Thus |x〉µ,ν is called the position–momentum-
intermediate representation [35]. It satisfies the eigenstate
equation

(µQ + ν P) |x〉µ,ν = x |x〉µ,ν (23)

and the completeness relation∫
∞

−∞

dx |x〉µ,ν µ,ν 〈x | =
1√

π(µ2 + ν2)

∫
∞

−∞

dx :

× exp

[
−

(x − µQ − ν P)2

µ2 + ν2

]
: = 1. (24)

Equation (19) shows that the Radon transform of the Wigner
operator is just the pure state density matrix |x〉µ, νµ,ν〈x |.
So the quantum tomogram of a quantum state, the Radon
transform of the Wigner function, can also be read as

w(x, µ, ν) = Tr(ρ|x〉µ,ν µ,ν〈x |) =µ,ν 〈x |ρ|x〉µ,ν, (25)

and the tomographic operator |x〉µ,ν µ,ν〈x | is just the projector
of |x〉µ,ν .

Again, the following transform relation has been shown
in the literature [9]:

S (λ) R (θ) Q R† (θ) S† (λ) = µQ + ν P, (26)

where µ = eλcos θ , ν = e−λsin θ , R(θ) = exp
[

iθ
2 (Q2 + P2)

]
is the rotation operator and µQ + ν P represents all possible
linear combinations of quadratures Q and P of the
oscillator field mode and can be measured by the homodyne
measurement just by varying the phase of the local oscillator.
S(λ) is the squeezing operator with the squeezing parameter
λ. Substituting equation (6) into (25) yields

w(x, µ, ν) =

∫
d2α

π
F(α)µ,ν〈x |α, κ〉〈α, κ|x〉µ,ν

=

∫
d2α

π
F(α)|〈α, κ|x〉µ,ν |

2, (27)
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where the integral kernel |〈α, κ|x〉µ,ν |
2 is just the Husimi

function of |x〉µ,ν . Thus, we establish a connection
of the quantum-state tomogram corresponding to a
given density operator with the Husimi function of the
position–momentum-intermediate representation |x〉µ,ν .

We now refer mainly to calculating the explicit formula of
the Husimi function |〈α, κ|x〉µ,ν |

2. As a result of equation (4),
one can rewrite 〈α, κ|x〉µ,ν as

〈α, κ|x〉µ,ν = 〈α|S(
√

κ + λ)R(θ)|x〉. (28)

Let λ′
= ln

√
κ + λ; then µ′

= eλ′

cos θ , ν ′
= e−λ′

sin θ and
equation (28) becomes

〈α, κ|x〉µ,ν =
1

[π(µ′2 + ν ′2)]1/4
exp

(
−

1

2
|α|

2
−

1

2(µ′2 + ν ′2)
x2

+

√
2x

µ′ − iν ′
α∗

−
µ′ + iν ′

2(µ′ − iν ′)
α∗2

)
. (29)

The Husimi function |〈α, κ|x〉µ,ν |
2 can therefore be written as

|〈α, κ|x〉µ,ν |
2
=

1√
π(µ′2 + ν ′2)

× exp

(
− |α|

2
−

1

(µ′2 + ν ′2)
x2 +

√
2x

µ′ − iν ′
α∗

)

× exp

( √
2x

µ′ + iν ′
α −

µ′ + iν ′

2(µ′ − iν ′)
α∗2

−
µ′

− iν ′

2(µ′ + iν ′)
α2

)
. (30)

If we adopt the notation η = (µ′ + iν ′)/
√

2, then equation (30)
can further be rewritten in a more concise form

|〈α, κ|x〉µ,ν |
2
=

1

|η|
√

2π
exp

[
−

(x − ηα∗
− η∗α)2

2|η|2

]
. (31)

In particular, when κ = 1, equation (27) is simplified
to calculate the tomogram from the Glauber–Sudarshan
P-function (please see also [14]). The difference between
equation (31) and the standard definition of the Radon
transform in equation (16) is only to replace an ideally sharp
δ-function by a Gaussian with dispersion |η| related to the
parameters κ , λ, µ and ν.

5. Conclusion

By virtue of the fact that the Husimi operator is just
the squeezed coherent state projector that possesses
the completeness relation, we have established a new
integral transform, which reveals the connection of an
arbitrary operator, especially for the density operator ρ,
to the Husimi operator 1h(q, p, κ). Furthermore, in view
of the fact that the tomographic symbol of the density
operator can be found from the corresponding Wigner
function by the standard Radon transform and by means
of the new integral transform about the density operator in
equation (6), we have expressed the tomographic symbol of

the density operator in terms of the Husimi function of the
position–momentum-intermediate representation |x〉µ,ν .
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