
Physica Scripta

Evolution equation of quantum tomograms for a
driven oscillator in the case of the general linear
quantization
To cite this article: G G Amosov et al 2009 Phys. Scr. 79 015004

 

View the article online for updates and enhancements.

Related content
An introduction to the tomographic picture
of quantum mechanics
A Ibort, V I Man'ko, G Marmo et al.

-

A tomographic description for classical and
quantum cosmological perturbations
S Capozziello, V I Man'ko, G Marmo et al.

-

States in the Weyl–Wigner and
tomographic-probability representations
and entropic inequalities
Margarita A Man'ko and Vladimir I Man'ko

-

Recent citations
Chernoff Equivalence for Shift Operators,
Generating Coherent States in Quantum
Optics
L. A. Borisov et al

-

This content was downloaded from IP address 193.204.9.86 on 08/01/2020 at 12:32

https://doi.org/10.1088/0031-8949/79/01/015004
http://iopscience.iop.org/article/10.1088/0031-8949/79/06/065013
http://iopscience.iop.org/article/10.1088/0031-8949/79/06/065013
http://iopscience.iop.org/article/10.1088/0031-8949/80/04/045901
http://iopscience.iop.org/article/10.1088/0031-8949/80/04/045901
http://iopscience.iop.org/article/10.1088/0031-8949/2012/T147/014020
http://iopscience.iop.org/article/10.1088/0031-8949/2012/T147/014020
http://iopscience.iop.org/article/10.1088/0031-8949/2012/T147/014020
http://dx.doi.org/10.1134/S1995080218060033
http://dx.doi.org/10.1134/S1995080218060033
http://dx.doi.org/10.1134/S1995080218060033


IOP PUBLISHING PHYSICA SCRIPTA

Phys. Scr. 79 (2009) 015004 (6pp) doi:10.1088/0031-8949/79/01/015004

Evolution equation of quantum
tomograms for a driven oscillator in the
case of the general linear quantization
G G Amosov1, V I Man’ko2 and Yu N Orlov3

1 Moscow Institute of Physics and Technology, Moscow, Russia
2 P N Lebedev Physical Institute, Moscow, Russia
3 M V Keldysh Institute for Applied Mathematics, Moscow, Russia

E-mail: gramos@mail.ru, manko@sci.lebedev.ru and orlmath@keldysh.ru

Received 31 July 2008
Accepted for publication 28 October 2008
Published 19 December 2008
Online at stacks.iop.org/PhysScr/79/015004

Abstract
The symplectic quantum tomography for the general linear quantization is introduced. Using
the approach based upon the Wigner function techniques the evolution equation of quantum
tomograms is derived for a parametric driven oscillator.

PACS number: 03.65.Wj

1. Introduction

In [1, 2], the tomographic representation of quantum statistical
operators and its evolution equation was introduced for the
Weyl quantization. As an example of the exactly solvable
problem to describe the evolution of a quantum system
under the action of some external force one can take a
driven oscillator for which the integrals of motion and
the propagator were obtained in [3]. In [4], the dynamical
equations for the driven oscillator were derived and solved
in the tomographic representation associated with the Weyl
quantization. Notice that the presence of the dynamical
equation allows the rebuilding of the quantum tomogram
from incomplete information [5]. Our goal is to construct
the tomographic representation for the driven oscillator in
the case of the general linear quantization and to derive the
evolution equation for the corresponding statistical operators.
The approach we investigate is closely related to star-product
schemes and properties of the product kernels, see e.g. [6–8].

2. The general linear quantization of the
dynamical system

Let q, p be the canonical coordinates in the phase-space
of classical mechanics 0. Consider some function A(q, p):
0 → R. For the sake of brevity, we shall consider a
one-dimensional case, i.e. 0 = R × R. Let Â be the Hermitian
operator acting in the Hilbert space L2(R) given by the

formula

∀ψ ∈ L2, Âψ(x) =

∫
Ã(x, y)ψ(y)dy, (1)

where Ã(x, y) is the density matrix of Â in some basis of
L2(R). The functionA(q, p) is said to be a classical symbol
of the operator Â under the quantization with the kernel
K (q, p|x, y) (or, for the sake of brevity, with the kernel K )
if

Ã(x, y)=

∫
dq dp A(q, p)K (q, p|x, y). (2)

The correspondence between the operators and the symbols
will be denoted as A ↔ Â. Let us consider the quantizations
for which the following correspondences hold:

q ↔ x, p ↔ −i
∂

∂x
, qn

↔ (q̂)n, pn
↔ ( p̂)n. (3)

According to [9], the correspondence between the
operators and the symbols are completely determined by
the formulae describing the symbols of the operators
p̂ Â, Â p̂, q̂ Â and Âq̂ from the symbol of the operator Â.
The quantization is said to be linear if these formulae have the
following form:

Â ↔ A, Âq̂ ↔

(
αq +βp + γ

∂

∂q
+ δ

∂

∂p

)
A, (4)

where α, β, γ, δ are some constants (the correspondences for
the remaining three products can be done analogously).
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In [10], the general form of the kernel K is derived in the
class of generalized functions with point supports under the
conditions (3) and (4):

K (q, p|x, y)=

∫ 1

0
Kθ (q, p|x, y)Q(θ) dθ,

Kθ (q, p|x, y)=
1

2π
δ(q − θx − (1 − θ)y) exp [ip(x − y)].

(5)

The integral in (5) is considered as generalized. The
generalized function Q(θ) has the support [0; 1] and
possesses the properties

∫ 1
0 Q(θ) dθ = 1 and Q(θ)

= Q(1 − θ). The last one is a necessary and sufficient
condition for the operator Â to be Hermitian. The function
Q(θ) determines the symmetrization rule for non-commuting
operators in the product. The kernel Kθ is said to be partial
or a θ -quantization. For example, if A(q, p)= f (q)pn , then
the θ -quantization gives the matrix of the operator Âθ of the
form

Ãθ (x, y)= (i)n f (θx + (1 − θ)y)
∂n

∂yn
δ(x − y),

while the operator itself is

Âθ = (−i)n
n∑

k=0

(
n
k

)
(1 − θ)k

(
∂k f (x)

∂xk

)
∂n−k

∂xn−k
. (6)

In particular, if θ = 0 we obtain the pq-quantization under
which all the operators p̂ are in left from the operators
q̂, if θ = 1 we get the qp-quantization and θ = 1/2 is
corresponding to the Weyl quantization. If one involves the
moments σk of the symmetrization function Q(θ), then the
operator Â under the quantization with the kernel K =∫ 1

0 Kθ Q(θ) dθ takes the form

Â = (−i)n
n∑

k=0

(
n
k

)
σk

(
∂k f (x)

∂xk

)
∂n−k

∂xn−k
,

σk =

1∫
0

θ k Q(θ)dθ.

(7)

If the quantization is Hermitian, then the moments of the even
(except zero) orders can be arbitrary, while the moments of the
odd orders are expressed by means of the requiring formula of
the following form:

σ0 = 1, σ1 =
1

2
,

σ2k+1 =
1

2

[
1 +

2k∑
n=1

(−1)n
(

2k + 1
n

)
σn

]
.

In particular, for the Weyl quantization σk = 2−k .

3. The tomographic representation of the
statistical operators

Let ρ̂ be the statistical (density) operator of a quantum system.
Consider its matrix ρ(x, y) in the coordinate representation.
The mean value of the operator Â in the state ρ̂ can be

expressed in the terms of the classical symbol of this operator
by the formula

〈 Â〉 = Tr Âρ̂ =

∫
Ã(x, y)ρ(y, x)dx dy

=

∫
A(q, p)W (q, p)dq dp, (8)

where a new statistical operator W (q, p) is introduced due
to (2) as follows:

W (q, p)=

∫
K (q, p|x, y)ρ(y, x) dx dy, (9)

which is a generalization of the Wigner function [11] for the
general linear quantization (5). In particular, for the partial
quantization Kθ the Wigner function has the form

Wθ (q, p)=
1

2π

∫
eipzρ(q − θ z, q + (1 − θ)z) dz,

W (q, p)=

∫
Wθ (q, p)Q(θ) dθ.

(10)

Taking into account that the matrix is Hermitian we get from
the representation (10) that

Wθ (q, p)= W 1−θ (q, p). (11)

Thus, under the Weyl quantization (θ = 1/2) the partial
Wigner function is real. In other cases it cannot take place.

For the partial quantization, the reverse formula is valid:

ρ(x, y)=
1

2π

∫
e−ip(x−y)Wθ (θx + (1 − θ)y, p) dp. (12)

The symplectic quantum tomogram [1, 2] is the positive
definite function for the Hermitian quantizations defined by
the formula:

f (ξ, µ, ν)= Tr(ρ̂δ(ξ −µq̂ − ν p̂))

=
1

2π

∫
W (q, p)δ(ξ −µq − νp) dq dp. (13)

The last equation in (13) means that the symplectic quantum
tomogram is the Radon transform of the Wigner function.
Analogously one can define a tomogram for the partial
quantization (it will not be positive definite in general). As
for the partial as well as for the general linear quantization
there exists a reverse of the formula (13) which allows the
reconstruction of the Wigner function from the tomogram
such that

W (q, p)=
1

2π

∫
f (ξ, µ, ν)ei(ξ−µq−νp) dξ dµ dν. (14)

The characteristic function of the tomographic
distribution is determined by the formula

F(s, µ, ν)= Tr
(
ρ̂eis(µq̂+ν p̂)

)
=

∫
f (ξ, µ, ν)eisξ dξ

=
1

2π

∫
W (q, p)eis(µq+νp)dq dp

=3(sµ, sν), (15)

2
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where 3=3(k, ω)=
1

2π

∫
W (q, p)ei(kq+ωp) dq dp is the

Fourier transform of the Wigner function. Let us show the
connection between the Fourier transform of the density
matrix and the partial Wigner function:

ρ̃(k, k ′)=
1

2π

∫
ρ(x, y)e−i(kx−k ′ y) dx dy

=

∫
3θ (k − k ′, ω)e−iω(θk ′+(1−θ)k)dω. (16)

This formula permits us to express the density matrix
by means of the characteristic function for the partial
tomographic distribution. It is straightforward to check that
due to (11) the right-hand side of (16) is Hermitian although
it contains only the Fourier transform of the partial Wigner
function.

4. The tomographic representation for the states
of the driven oscillator

Let us consider the driven oscillator determined by the
Hamiltonian [3]

H(q, p, t)=
p2

2
+
�2(t)q2

2
−ϕ(t)q. (17)

Under any linear quantization (5) the symbol (17) in the
coordinate representation is associated with the operator

Ĥ(t)= −
1

2

∂2

∂x2
+
�2(t)x2

2
−ϕ(t)x . (18)

The integrals of motion for the Hamiltonian (18) have the
form

Â(t)=
i

√
2
(ε(t) p̂ − ε̇(t)x)+ δ(t),

Â+(t)= −
i

√
2
(ε̄(t) p̂ − ¯̇ε(t)x)+ δ̄(t).

(19)

Here, ε(t) is a solution to the equation ε̈(t)+�2(t)ε(t)= 0
under the initial conditions ε(0)= 1, ε̇(0)= i�(0) and δ(t) is
a solution to the equation δ̇(t)= −

i
√

2
ε(t)ϕ(t) under the initial

condition δ(0)= 0. Let us introduce the following notations
for the corresponding real values:

i(ε ˙̄ε− ε̇ε̄)= 2α(t),

δε̄ + δ̄ε = 2β(t), (20)

i(δ̇δ̄− δ ˙̄δ)= (εϕδ̄ + ε̄ϕ̄δ)/
√

2 = 2γ (t).

Notice that the Wronskian of the system of solutions to the
equation ε̈(t)+�2(t)ε(t)= 0 equals −2iα(t) and by means
of Liouville formula does not depend on time and is equal
to −2i�(0). For the sake of shortness, let us set �(0)= 1.
Then, the wavefunction of the ground state determined by
the condition Â(t)ψ0(x, t)= 0 being normed by one and
satisfying the non-stationary Schrödinger equation has the
form

ψ0(x, t)=
1

(π |ε|2)1/4
exp

(
i
ε̇

2ε
x2

−

√
2δ

ε
x−

β2

|ε|2
+ i
∫ t

0
γ (τ)dτ

)
.

(21)

If the frequency � does not depend on time, then ε(t)= ei�t

and in the absence of the driven force the formula (21) is
transformed into the obvious wavefunction of the ground state
of a harmonic oscillator.

The wavefunctions of the excited states have the form

ψn(x, t)=
1

√
n!
( Â+(t))nψ0(x, t)

=

(
ε̄

2 |ε|

)n/2 1
√

n!
Hn

(
x +

√
2β

|ε|

)
ψ0(x, t), (22)

where Hn(x) are the Hermite polynomials.
The density matrix of an nth excited state of the driven

oscillator in the moment of time t is the following:

ρn(x, y)=
1

2nn!
Hn

(
x +

√
2β

|ε|

)

× Hn

(
y +

√
2β

|ε|

)
ψ0(x, t)ψ̄0(y, t). (23)

For the harmonic oscillator with the Hamiltonian
H(q, p)= q2/2 + p2/2, one should put |ε| = 1, β = 0,
ψ0(x)= π−1/4 exp(−x2/2) in (23). The partial Wigner
function (10) appears too huge even in this simplest case. For
example, the ground state leads to the expression

Wθ, 0(q, p)=
1

π
√

2
√
θ2 + (1 − θ)2

× exp
(
−q2 +

1

2

((2θ − 1)q + ip)2

θ2 + (1 − θ)2

)
. (24)

Notice that the result of symmetrization of (24) by means
of the function Q(θ) cannot be expressed in general
through the moments of this function as was done in
formula (7). For certain quantizations, the expression for
W (q, p) corresponding to states of the harmonic oscillator
can be obtained in the evident form. For example, in the case
of the Weyl quantization, it follows from (24) that for the
ground state the Wigner function has the form

WWeyl, 0(q, p)=
1

π
exp

(
−q2

− p2) ,
while for the Jordan quantization (a semisum of pq- and
qp-quantizations) we get

WJordan, 0(q, p)=
1

π
√

2
exp

(
−q2/2 − p2/2

)
cos (pq).

By virtue of the identity∫
∞

−∞

e−x2
Hn(x + a)Hn(x + b) dx = 2nn!

√
π Ln(−2ab),

(25)

where Ln(x) are the Laguerre polinomials, one can obtain the
expression for the Wigner function of the nth excited state of
a harmonic oscillator under the Weyl quantization as follows:

WWeyl, n(q, p)=
(−1)n

π
exp

(
−q2

− p2) Ln
(
2q2 + 2p2).

(26)

3
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Nevertheless, it is more convenient to work with the
Fourier images of the Wigner function for which the
expressions obtained are simple. Thus, by means of the same
formula (25) one can derive the expression for the Fourier
image of the Wigner function for a harmonic oscillator (we
supply it with a top index h) under the linear quantization with
the kernel Kθ determined by formula (5):

3h
θ, n(k, ω)=

1

2π
exp (−k2/4 −ω2/4 + ikω(θ − 1/2))

× Ln(k
2/2 +ω2/2). (27)

Now if one introduces the characteristic function G(s) for the
function of symmetrization Q(θ) such that

G(s)=

∫
Q(θ)eisθ dθ, (28)

then it is possible to obtain the expression for the Fourier
image of the Wigner function under the linear Hermitian
quantization:

3h
n(k, ω)=

∫
3h
θ, n(k, ω)Q(θ)dθ

=
G (kω)

2π
exp (−k2/4 −ω2/4 − ikω/2)

× Ln(k
2/2 +ω2/2). (29)

By virtue of (15) the expressions (27) and (29) determine
the characteristic function of the tomographic distribution
for a harmonic oscillator under the linear Hermitian
quantization (5):

Fh
θ, n(s, µ, ν)=

1

2π
exp

(
−µ2s2/4 − ν2s2/4

+iµνs2(θ − 1/2))Ln(µ
2s2/2 + ν2s2/2

)
,

Fh
n (s, µ, ν)=

G(µνs2)

2π
exp

(
−µ2s2/4 − ν2s2/4

−iµνs2/2)Ln(µ
2s2/2 + ν2s2/2

)
.

(30)

In the same way, we derive from (23) and (25) the
expressions for the Fourier image of the Wigner function for
the driven oscillator under the linear partial quantization with
the kernel (5):

3θ,n(k, ω)=
1

(2π)2
exp

(
−

k2 |ε|2

4
−
ω2ε ˙̄ε

2|ε|2

(
i +
ε ˙̄ε

2

)

+

√
2ω

|ε|2

(
iε ˙̄ε− δ̄ε

)
+ ikω

(
θ −

1

2

))

× Ln

(
k2 |ε|2

2
+
ω2ε ˙̄ε

|ε|2

(
i +
ε ˙̄ε

2

))
. (31)

Comparing (31) with (27) we see that the fact that the
oscillator is driven does not affect on the quantization because
the dependence on θ of the Fourier image of the Wigner
function does not contain the master parameters ε and δ.
This is the important conclusion which shows that, under
the external influence on the quantum system considered,

its quantization is not changed. The expression for the
corresponding characteristic function is obtained from (31)
taking into account (15) and, as well as for (29) and (30), is
almost the same. So we shall not write out it. Also we shall not
write out the symmetrized Hermitian Wigner function because
this expression will differ from (31) as well as in (29) only
by the factor. Instead of exp(ikω(θ − 1/2)) it will appear as
G(kω)exp(−ikω/2).

5. Evolution equation for a tomographic distribution

Taking into account the Liouville–von Neumann equation for
the density operator

i∂t ρ̂ = [Ĥ , ρ̂], (32)

one can derive the evolution equations for the Wigner
function as well as for the tomographic distributions. For
the Weyl quantization, the evolution equation of the Wigner
function was obtained by Moyal [12]. The evolution of
the tomographic distributions of a driven oscillator for this
quantization was derived in [3, 4]. For an arbitrary linear
quantization of the Hamiltonian H(q, p), the evolution
equation of the Wigner function was obtained by one of the
authors in [10]. In particular, the evolution equation of the
partial Wigner function has the form

i∂t Wθ (q, p)=

∫
h(k, ω)G(kω) exp (i(kq +ωp

+ (1 − θ)kω))1θWθ dk dω, (33)

where h(k, ω)= (2π)−2
∫

H(q, p)e−ikq−iωp dq dp is the
Fourier image of the classical Hamiltonian H(q, p) and the
function G(s) was defined in (28). To breve the notation
in (33), we introduced the difference operator

1θWθ = Wθ (q − θω, p + (1 − θ)k)

− Wθ (q + (1 − θ)ω, p − θk). (34)

Notice that the dependence on the parameter of a quantization
θ is included in (34) by means of two aspects: in the partial
Wigner function itself as it was in examples (24) and (27) as
well as in its arguments shifted in the corresponding way. The
Hamiltonian Ĥ is quantized by the full Hermitian quantization
such that in (33) the factor G(kω) has appeared. The equation
for the full Wigner function follows from (33) by integrating
it in θ with the symmetrization function Q(θ):

i∂t W (q, p)=

∫
h(k, ω)G(kω) exp (i(kq +ωp + kω)) dk dω

×

1∫
0

Q(θ) exp (−iθkω)1θWθ dθ. (35)

The equations obtained allow us to recognize the
structure of the integro-difference operator determining the
evolution of a quasi-probability. The important peculiarity of
equation (35) is that the evolution of the full Wigner function
cannot be represented as a certain operator acting on it directly
as it takes place for the partial Wigner function Wθ . The reason
is the factor exp(−iθkω)G(kω) which is equal to one only for
the Weyl quantization. The same factor resists carrying the

4
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action of the difference operator1θ from the Wigner function
to the Hamiltonian as it can be done for the Weyl quantization
with θ = 1/2 (in this form the Wigner equation is represented
more frequently):

i∂t W (q, p)=

∫
3(k, ω) exp (ikq + iωp)

[
H

(
q −

ω

2
, p +

k

2

)
−H

(
q +

ω

2
, p −

k

2

)]
dk dω. (36)

Nevertheless, if the Hamiltonian is represented as a sum of the
form

H(q, p)= E(p)+8(q), (37)

then such a transformation of the evolution equation (33) can
be fulfilled:

i∂t Wθ (q, p)=

∫
dk dω3θ (k, ω) exp (ikq + iωp)1θ H,

1θ H = E(p + (1 − θ)k)− E(p − θk) (38)

+8(q − θω)−8(q + (1 − θ)ω).

It follows from (38) that it is convenient to write the evolution
equation for the Wigner function in terms of the Fourier
images. Denote 3̃θ (k, ω)=3θ (k, ω) exp (−ikω(1 − θ)) and
as in (33) marking by lower indices the Fourier images of the
Hamiltonian we get

i∂t3̃θ (k, ω)=

∫ (
1 − eik(ω−ω′)

) (
3̃θ (k, ω

′)Eω−ω′

−3̃θ (ω
′, k)8ω−ω′

)
dω′. (39)

The same equation (39) determines due to (15) the evolution
equation of the characteristic function of a tomographic
distribution.

If E(p)= p2/2, then equation (38) takes the form

∂t Wθ (q, p)+ p∇q Wθ (q, p)−
i

2
(1 − 2θ)∇2

q Wθ (q, p)

= −i
∫

Wθ (q, s)eiω(p−s) [8(q − θω)

−8(q + (1 − θ)ω)]
ds dω

2π
. (40)

In particular, for the Hamiltonian (17) we get

∂t Wθ (q, p)+ (p∇q − (ϕ−�2q)∇p)Wθ (q, p)

=
i

2
(1 − 2θ)(∇2

q −�2
∇

2
p)Wθ (q, p). (41)

Equation (41) in the Fourier images has the form

∂t3θ (µ, ν)+ (µ∂ν + (iϕ +�2∂µ)ν)3θ (µ, ν)

=
i

2
(1 − 2θ)(�2ν2

−µ2)3θ (µ, ν). (42)

Using (15) one can find the evolution equation for the
characteristic function:

∂t Fθ (s, µ, ν)= ∂t3θ (sµ, sν)

= − (µ∂ν + (isϕ +�2∂µ)ν)Fθ (s, µ, ν)

+
i

2
(1 − 2θ)s2(�2ν2

−µ2)Fθ (s, µ, ν). (43)

The evolution equation for the quantum tomogram of a
driven oscillator is obtained from (13) and (42) such that

∂t fθ (ξ, µ, ν)=
1

2π

∫
exp (ikξ)∂t3θ (µk, νk)

= −(µ∂ν + (ϕ∂ξ +�2∂µ)ν) fθ (ξ, µ, ν)

−
i

2
(1 − 2θ)(�2ν2

−µ2)
∂2

∂ξ 2
fθ (ξ, µ, ν). (44)

The evolution equation for the full Wigner function is
derived from (41) by integrating this equality multiplied
by the symmetrization function in θ according to (10). If
the quantization is Hermitian, then as a result the left part
of (41) becomes real. The right part of (41) becomes real
as well if one takes into account the relation in (11) joint
with the condition Q(θ)= Q(1 − θ) which is necessary for
a quantization to be Hermitian. Thus, we obtain

∂t W t (q, p)+ (p∇q − (ϕ−�2q)∇p)W (q, p)

=
i

2
(∇2

q −�2
∇

2
p)

1∫
0

(1 − 2θ)Q(θ)Wθ (q, p)dθ. (45)

The right-hand side of equation (45) is the quantum
effect appeared as a consequence of taking into account
the dependence of the Wigner function on the rule of a
quantization. The distinction of the right-hand side from zero
for the Hermitian quantizations which do not coincide with
the Weyl quantization can be used for determining how the
quantum dynamical system was quantized experimentally.

Analogously, due to (44) we obtain the evolution equation
for the quantum tomogram in the case of the full Hermitian
quantization:

∂t f (ξ, µ, ν)+ (µ∂ν + (ϕ∂ξ +�2∂µ)ν) f (ξ, µ, ν)

= −
i

2
(�2ν2

−µ2)
∂2

∂ξ 2

∫
Q(θ)(1−2θ) fθ (ξ, µ, ν)dθ. (46)

6. Conclusion

We have derived the evolution equations for the Wigner
function (45) as well as for the symplectic quantum
tomogram (46) of the driven quantum oscillator in the case
of the general linear quantization. Both equations have the
non-trivial integral part which is not included in the equation
for the case of the Weyl quantization. The presence of such a
term could allow us to check experimentally how the system
was quantized.
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