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Abstract

A driven oscillator with time-dependent frequency is studied in the framework of quantum probability measure approach.
Propagator for the measure evolution of the parametric oscillator is obtained in explicit form. Relation to tomographic
description of the parametric oscillator states is established.

0 2003 Elsevier B.V. All rights reserved.

1. Introduction

Recently [1] the quantum probability measure approach [2] was related to tomographic description of quantum
states [3—6] and their evolution. The aim of this work is to study in detail the quantum probability measure approach
to the problem of parametric excitation of the harmonic oscillator with time-dependent parameters. The driven
oscillator with time-dependent frequency was considered in [7]. The driven oscillator and its excitation were
studied also in [8,9]. In addition to known solutions of the Schrddinger equation for the parametric oscillator
of both types like Gaussian packets (squeezed states) and Fock states obtained in [7] the integrals of motion were
found in [10] (quadratic Ermakov type invariants) and in [11] (linear in position and momentum). The problem of
parametric oscillator models the behaviour of ion in Paul trap (see, e.g., [12]) and it was studied in tomographic
probability picture in [13]. We will study and solve the evolution equation for the quantum probability measure
related to homodyne quadrature for the driven parametric oscillator with time-dependent frequency. Propagator
for the evolution equation for the quantum probability measure will be found in the framework of the approach
discussed.
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2. Probability measures associated with quantum evolution

Suppose that the quantum evolution is described by the equation

dp=—ilH, pl, )

wherep is a quantum state and is an arbitrary Hamiltonian. Taking position and momentum operataunsd p
let us involve a spectral decomposition of the operator- v p:

;u2+vﬁ=/XdA71. 2)
R
Here M is an orthogonal positive operator-valued measure on the reaRlifden given a Borel subse?2 c R
the formula [2]
Mj(2) =Tr(pM(2)) (3)

defines a probability measuref ; on the real line depending on the solutigio Eq. (1). The distribution function
M(t, v, X) = Mp((—o0, X]) of the measure (3) is an integral functional from the solufido Eq. (1) which
can be represented in the form [1]

X 2_ 2 o
M, v, X) = 1|v| /dx/dy/dy/,o(y,y’)exp(i(y Zy )M—ix(y y)). (4
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The distribution function (4) is connected with the quantum tomogog(m, 1, v, X) of the statep by the formula
(see [1])

d
wp(t, 1, v, X):E./\/l(t,u, v, X). (5)

If p =|y)(y| is apure state, the formula (4) is transformed to
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In [1] it was derived the evolution equation for the function®&l(z, v, u, X) for the case of Hamiltonian
-~ 52
H=E5 +V(&):
IM(t, . v, X) IM(t, . v, X)
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3. Excited and coherent states of driven oscillator

A driven oscillator with time-dependent force is described by the Hamiltonian

A2
~ p w(t
H(t) = —
®) >+t

)2)’52
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The integrals of motion for the driven oscillator have the form [14],

A(t) = e()p —eR) +8(1),

7

Aty = —7( (1) p — €5 (1X) + 8% (1),

where the functions(r) andé(z) satisfy the equations
(1) + 0?()e(r) =0,
€(0)=1, €0) =i,

5(t) = —ée(t)f(t), 5(0) =

The wave functionjg of a ground state of driven oscillator is determined by the condifigg = 0 which gives
us the formula

t
1 i€ , 285 8% |5|2 .
1, xX)=—F—>5eXp| =—x°— —x — 88* —88%)dr |.
Yolt. 1) = iz p(zex e T2 2 +2/( )
0
Notice that to obtain the last formula it needs to use the Schrodinger equation for an unknownygavttuth

does not depend on. Let us introduce the unitary operath(a) = exp@AT — a*A), then the wave functions
Yy (¢, x) of coherent states can be written as

N «/_201 2 % 2 Se* 4 §*
Vo (t, x) = (D(@)o)(r, x) eXp( Sl % - % + u)l//o(t,x). (8)
Then one can calculate the wave functignsz, x) of excited states as
o *\"1/2 1 x + L (8€* + 8%€)
it = (A" o)t = (50 ) o 2 Jote. 0. ©

4. Evolution of probability measures associated with driven oscillator

The Hamiltonian (7) of driven oscillator acts on operatefs+ vp by the formula

[H.pf+vp]= [AZ 2]+ —[ Pl —vfIR, pl=—ipp +ive?s —ivf = A(u,v).
Notice that the operatoﬁ(u, v) commutes with the operatpex + v p. It follows that

[, F(ué+vp)] = F' (ud +vp) A, v)

for an arbitrary differentiable functiof'. A value M (£2) of the spectral operator-valued measure (2) is equal to
a characteristic functiope (ux + vp), wherexo(x) =1, x € 2, xo(x) =0, x ¢ £2. Hence for the distribution
function M(z, u, v, X) of the probability measuré1; defined by (3) we get
d X 0p -
—M(”a’f’ nX) Tr =20 ((—o0, X1) = =i TH A, 1M ((~o0, X])
=iTrp[H, M((—o00, X1)] =i Trp8(X — i —vp) A, v)
oM(t, u, v, X) 2 OM(t, p, v, X) oM(t, u, v, X)

= L n ) +
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Thus we have derived the evolution equation for the distribution function of the probability measure associated
with driven oscillator:

oM(t, u, v, X) oM(t, u, v, X) 2 OM(t, p, v, X) oM(t, u, v, X)
= —Vw +vf .

10
o1 H . I 9X (10)
It is straightforward to check that the integrals of motion for Eq. (10) are
In = e + vé, L=pe" +vé* =1,
I3 =p?le? + v?|é[> + 2uvRe(€*é) = 1]y,
1 1
In=X +vV2(uRe(es*) + vRe(€8")) = X + —=118* + —I2.
4 (n ) St 5
Deducingu, v and X from the expressions for integrals under the conditien0, we get
1 1
nw=-U1+1I2), v=-U1—-12), X =1a.
2 2
It follows that the propagatdf (¢) giving a solution to Eq. (10) acts by the formula
M(t, v, X) =T @ (MO, 1, v, X)) = M(0, 311+ I2), 3(I1 — I2), 1)
= M(o, 1L Re(€) + vRe(€), L Im(e) + vIm(é), X + v2(u Re(es*) +v Re(e'a*))). (11)

At the initial timet = O for the probability measure of oscillatd (0, i, v, X) coincides with the distribution
function of stationary oscillator calculated in [1]. Then the time-dependent solution is given by the formula (11).
In particular, for the wave function of coherent state (8) we obtain

1 X 2(uRe((§ — * Re((§ — a)é*

Mo, 0, X) = =1+ erf( + v/2( Re((® — @)e”) + vRe((6 — )¢ ))) . (12)
2 Vi2|€|? + 2|2 + 2y Re(eé™)

Analogously, for probability measures of excited states (9) we get

14" d" (1 X 2(n Re(de* Re(5é*

M, v, X)=———| =€ 1+erf< +\/—(M A +v e(e)))_t—l-s .
nldt" dsm \ 2 Vi2€2 + v2 (€2 + 2uv Re(eé*) V2 ) ) oo

(13)

5. Conclusion

We have calculated quantum probability measures (3) associated with coherent (8) and excited (9) states of
the driven oscillator with time-dependent frequency (12), (13). The propagator for time evolution of quantum
probability measures is obtained in the explicit form (11). The connection of quantum probability measures with
guantum tomograms is given by the formula (5).
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