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Abstract

A driven oscillator with time-dependent frequency is studied in the framework of quantum probability measure ap
Propagator for the measure evolution of the parametric oscillator is obtained in explicit form. Relation to tomo
description of the parametric oscillator states is established.
 2003 Elsevier B.V. All rights reserved.

1. Introduction

Recently [1] the quantum probability measure approach [2] was related to tomographic description of q
states [3–6] and their evolution. The aim of this work is to study in detail the quantum probability measure ap
to the problem of parametric excitation of the harmonic oscillator with time-dependent parameters. The
oscillator with time-dependent frequency was considered in [7]. The driven oscillator and its excitatio
studied also in [8,9]. In addition to known solutions of the Schrödinger equation for the parametric os
of both types like Gaussian packets (squeezed states) and Fock states obtained in [7] the integrals of mo
found in [10] (quadratic Ermakov type invariants) and in [11] (linear in position and momentum). The prob
parametric oscillator models the behaviour of ion in Paul trap (see, e.g., [12]) and it was studied in tomo
probability picture in [13]. We will study and solve the evolution equation for the quantum probability me
related to homodyne quadrature for the driven parametric oscillator with time-dependent frequency. Pro
for the evolution equation for the quantum probability measure will be found in the framework of the ap
discussed.
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2. Probability measures associated with quantum evolution

Suppose that the quantum evolution is described by the equation

(1)∂t ρ̂ = −i[Ĥ , ρ̂],
whereρ̂ is a quantum state and̂H is an arbitrary Hamiltonian. Taking position and momentum operatorsx̂ andp̂
let us involve a spectral decomposition of the operatorµx̂ + νp̂:

(2)µx̂ + νp̂ =
∫
R

XdM̂.

HereM̂ is an orthogonal positive operator-valued measure on the real lineR. Then given a Borel subsetΩ ⊂ R

the formula [2]

(3)Mρ̂ (Ω)= Tr
(
ρ̂M̂(Ω)

)
defines a probability measureMρ̂ on the real line depending on the solutionρ̂ to Eq. (1). The distribution function
M(t,µ, ν,X)= Mρ̂ ((−∞,X]) of the measure (3) is an integral functional from the solutionρ̂ to Eq. (1) which
can be represented in the form [1]

(4)M(t,µ, ν,X)= 1

2π |ν|
X∫

−∞
dx

∫
R

dy

∫
R

dy ′ ρ(y, y ′)exp

(
i
(y2 − y ′2)µ

2ν
− i

x(y − y ′)
ν

)
.

The distribution function (4) is connected with the quantum tomogramωρ(t,µ, ν,X) of the stateρ by the formula
(see [1])

(5)ωρ(t,µ, ν,X)= d

dX
M(t,µ, ν,X).

If ρ = |ψ〉〈ψ| is a pure state, the formula (4) is transformed to

(6)M(t,µ, ν,X)= 1

2π |ν|
X∫

−∞
dx

∣∣∣∣∣
∫
R

dy ψ(y)exp

(
i
µy2

2ν
− i

xy

ν

)∣∣∣∣∣
2

.

In [1] it was derived the evolution equation for the functionalM(t, ν,µ,X) for the case of Hamiltonian

Ĥ = p̂2

2 + V (x̂):

∂M(t,µ, ν,X)

∂t
−µ

∂M(t,µ, ν,X)

∂ν

− i

(
V

(
−
(
∂

∂X

)−1 ∂

∂µ
− iν

2

∂

∂X

)
− V

(
−
(
∂

∂X

)−1 ∂

∂µ
+ iν

2

∂

∂X

))
M(t,µ, ν,X)= 0.

3. Excited and coherent states of driven oscillator

A driven oscillator with time-dependent force is described by the Hamiltonian

(7)Ĥ (t)= p̂2

2
+ ω(t)2x̂2

2
− f (t)x̂.
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s

al to
The integrals of motion for the driven oscillator have the form [14],

Â(t)= i√
2

(
ε(t)p̂− ε̇(t)x̂

)+ δ(t),

Â†(t)= − i√
2

(
ε∗(t)p̂− ε̇∗(t)x̂

)+ δ∗(t),

where the functionsε(t) andδ(t) satisfy the equations

ε̈(t)+ω2(t)ε(t)= 0,

ε(0)= 1, ε̇(0)= i,

δ̇(t)= − i√
2
ε(t)f (t), δ(0)= 0.

The wave functionψ0 of a ground state of driven oscillator is determined by the conditionÂψ0 = 0 which gives
us the formula

ψ0(t, x)= 1

π1/4|ε|1/2 exp

(
iε̇

2ε
x2 −

√
2δ

ε
x − δ2ε∗

2ε
− |δ|2

2
+ 1

2

t∫
0

(
δ̇δ∗ − δδ̇∗

)
dτ

)
.

Notice that to obtain the last formula it needs to use the Schrödinger equation for an unknown part ofψ0 which
does not depend onx. Let us introduce the unitary operator̂D(α) = exp(αÂ† − α∗Â), then the wave function
ψα(t, x) of coherent states can be written as

(8)ψα(t, x)=
(
D̂(α)ψ0

)
(t, x)exp

(√
2αx

ε
− α2ε∗

2ε
− |α|2

2
+ α(δε∗ + δ∗ε)

ε

)
ψ0(t, x).

Then one can calculate the wave functionsψn(t, x) of excited states as

(9)ψn(t, x)=
((
Â†)nψ0

)
(t, x)=

(
ε∗

2ε

)n/2 1

n!Hn

(x + 1√
2
(δε∗ + δ∗ε)
|ε|

)
ψ0(t, x).

4. Evolution of probability measures associated with driven oscillator

The Hamiltonian (7) of driven oscillator acts on operatorsµx̂ + νp̂ by the formula

[Ĥ ,µx̂ + νp̂] = µ

2
[p̂2, x̂] + νω2

2
[x̂2, p̂] − νf [x̂, p̂] = −iµp̂+ iνω2x̂ − iνf ≡ Λ̂(µ, ν).

Notice that the operator̂Λ(µ,ν) commutes with the operatorµx̂ + νp̂. It follows that[
Ĥ ,F (µx̂ + νp̂)

]= F ′(µx̂ + νp̂)Λ̂(µ, ν)

for an arbitrary differentiable functionF . A valueM(Ω) of the spectral operator-valued measure (2) is equ
a characteristic functionχΩ(µx̂ + νp̂), whereχΩ(x)= 1, x ∈Ω , χΩ(x)= 0, x /∈Ω . Hence for the distribution
functionM(t,µ, ν,X) of the probability measureMρ̂ defined by (3) we get

∂M(t,µ, ν,X)

∂t
= Tr

∂ρ̂

∂t
M
(
(−∞,X])= −i Tr[Ĥ , ρ̂]M((−∞,X])

= i Tr ρ̂
[
Ĥ ,M

(
(−∞,X])]= i Tr ρ̂δ(X−µx̂ − νp̂)Λ̂(µ, ν)

= µ
∂M(t,µ, ν,X) − νω2∂M(t,µ, ν,X) + νf

∂M(t,µ, ν,X)
.

∂ν ∂µ ∂X
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ociated

a (11).

states of
antum
es with
Thus we have derived the evolution equation for the distribution function of the probability measure ass
with driven oscillator:

(10)
∂M(t,µ, ν,X)

∂t
= µ

∂M(t,µ, ν,X)

∂ν
− νω2∂M(t,µ, ν,X)

∂µ
+ νf

∂M(t,µ, ν,X)

∂X
.

It is straightforward to check that the integrals of motion for Eq. (10) are

I1 = µε + νε̇, I2 = µε∗ + νε̇∗ ≡ I∗
1 ,

I3 = µ2|ε|2 + ν2|ε̇|2 + 2µνRe(ε∗ε̇)≡ I1I2,

I4 =X+ √
2
(
µRe(εδ∗)+ νRe(ε̇δ∗)

)≡X+ 1√
2
I1δ

∗ + 1√
2
I2δ.

Deducingµ,ν andX from the expressions for integrals under the conditiont = 0, we get

µ= 1

2
(I1 + I2), ν = 1

2
(I1 − I2), X = I4.

It follows that the propagatorT (t) giving a solution to Eq. (10) acts by the formula

M(t,µ, ν,X)= T (t)
(
M(0,µ, ν,X)

)=M
(
0, 1

2(I1 + I2),
1
2(I1 − I2), I4

)
(11)=M

(
0,µRe(ε)+ νRe(ε̇),µ Im(ε)+ ν Im(ε̇),X+ √

2
(
µRe(εδ∗)+ νRe(ε̇δ∗)

))
.

At the initial time t = 0 for the probability measure of oscillatorM(0,µ, ν,X) coincides with the distribution
function of stationary oscillator calculated in [1]. Then the time-dependent solution is given by the formul
In particular, for the wave function of coherent state (8) we obtain

(12)Mα(t,µ, ν,X)= 1

2

(
1+ erf

(
X+ √

2(µRe((δ− α)ε∗)+ νRe((δ− α)ε̇∗))√
µ2|ε|2 + ν2|ε̇|2 + 2µνRe(εε̇∗)

))
.

Analogously, for probability measures of excited states (9) we get

(13)

Mn(t,µ, ν,X)= 1

n!
dn

dtn

dn

dsn

(
1

2
ets

(
1+ erf

(
X+ √

2(µRe(δε∗)+ νRe(δε̇∗))√
µ2|ε|2 + ν2|ε̇|2 + 2µνRe(εε̇∗)

)
− t + s√

2

))∣∣∣∣∣
t=0,s=0

.

5. Conclusion

We have calculated quantum probability measures (3) associated with coherent (8) and excited (9)
the driven oscillator with time-dependent frequency (12), (13). The propagator for time evolution of qu
probability measures is obtained in the explicit form (11). The connection of quantum probability measur
quantum tomograms is given by the formula (5).
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