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Abstract

The spin-state tomogram is presented as the modulus squared of the matrix
element of the SU (2)-group irreducible representation. For the spin system,
we established explicitly a realization of the set of operators defining for spin
tomograms the star-product formalism in terms of irreducible tensors. On the
set of spin tomograms, the delta-function and ‘standard’ and Moyal-like kernels
of the tomogram star-product are calculated explicitly in terms of Clebsch—
Gordan and Racah coefficients and matrix elements of the SU (2) irreducible
representation. In the limit of infinite spin, the spin tomogram is shown to
become the tomogram of the harmonic-oscillator state.

PACS numbers: 03.65.Ta, 03.65.Sq, 03.65.Wj

1. Introduction

Representations of Lie groups such as the SU (2) group (see, e.g., [1, 2]) are used to describe the
quantum states of particles with spin. The Lie group representations are important ingredients
of gauge theories (see, e.g., [3-5]) and nonlinear equations related to gauge theory models.
Here we discuss a new approach to consider the SU (2)-group irreducible representations
within the framework of a tomographic star-product quantization procedure.

The tomographic map of spin states onto a probability distribution, which can be used
to describe the states as an alternative to the density operator, was elaborated in [6, 7]. An
analogous construction was suggested in [8—10]. There exist other maps of spin operators
onto functions [11-13]. These maps can be considered within the framework of the star-
product procedure [14]. The tomographic map of spin operators was shown in [15] to realize
a new version of the star-product procedure. In [16] a general construction of the star-product
procedure was formulated. The tomographic map related to the Heisenberg—Weyl group [17]
was shown to be described by means of a specific star-product procedure and the kernel, which
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determines the star-product, was explicitly calculated [16]. Various aspects and properties of
spin tomograms were studied in [18-20]. The relations of different tomographic approaches
to spin states were considered in [21]. Application of spin tomography to the problem of a
Bose—Einstein condensate was studied in [22]. The tomogram of the particle state described by
the wavefunction dependent on the position x (—00 < x < 00) was expressed in terms of the
wavefunction in [23]. Such states can be related to the Heisenberg—Weyl group representation.
Though general formulae for the kernel that determines the star-product of spin tomograms
were discussed (see, for example, [24]), the explicit final expression for the kernel was not
found until now, as well as the expressions of spin tomograms in terms of spin wavefunctions.

The aim of this work is to obtain an explicit expression of the star-product kernel for
spin tomograms in terms of Clebsch—Gordan and Racah coefficients. We also find explicit
expressions for the delta-function for a set of spin tomograms. The tomograms of pure and
mixed states are expressed in terms of the modulus squared of the matrix element of the
SU (2) irreducible representation. Since in the limit of infinite spin the SU(2) group can be
transformed to the Heisenberg—Weyl group (see, for example, [8, 21, 25, 26]), the tomograms
of spin states must become the tomograms of the harmonic-oscillator states. In [27-30] the
asymptotic expressions of matrix elements of the SU (2) irreducible representation in the limit
of large spin were found. Using these asymptotics we will show that spin tomograms become
the harmonic-oscillator-state tomograms for coherent and Fock states. The results obtained
are demonstrated by taking explicitly the examples of spin-1/2 and spin-1 cases.

The paper is organized as follows. In section 2, we review the standard properties of spin
states and spin operators. In section 3, the reconstruction formula for a spin density operator is
rederived. In section 4, the tomograms of pure and mixed spin states are obtained. In section 5,
the star-product procedure for the spin tomogram is reviewed. In section 6, the delta-function
for the spin tomogram is obtained. In section 7, the kernel of the spin-tomogram star-product is
shown explicitly. In section 8, quantum evolution of the spin tomograms within the framework
of a Moyal-like approach [11, 31] is studied. In section 9, we demonstrate the results for the
cases s = 1/2 and s = 1. Asymptotics of spin tomograms and the relation of the asymptotics
to the harmonic-oscillator tomograms are studied in section 10. Perspectives and conclusions
are presented in section 11.

2. Review of the properties of spin states and spin-related operators

An approach to map spin operators onto functions on the Bloch sphere [15] exists. Following
[6, 7] we treat the expression for an arbitrary observable acting on spin states in terms of
measurable mean values of the observable in the state with given spin projection onto a given
direction considered in a rotated reference frame.
Below we describe some standard operators used to discuss the properties of spin states.
For arbitrary values of spin, let the observable A be represented by the matrix in the
standard basis of the angular momentum generators J i1 =1,2,3, defined through

JAjm) = j(j + Dljm) J3ljm) = m|jm) (1)
as
AV = Z Z Ay Lim) | 2)
m=—jm=—
where

AD = (jm| AD | jm') m=—j,—j+l,....j—1,j 3)



Kernel of star-product for spin tomograms 4679

Let us consider the spin-j projector operator onto the m; component along the z-axis,

I = [jmi)(jmi “)
and the same projector in a rotated reference frame by an element g of SU (2),
1)) (e) = R ()T R(g). )

R(g) is a rotation operator of the SU(2) irreducible representation with spin j. Since the
projectors play an important role in constructing the tomographic map, we present several
different expressions for these operators. The projector can be given in an alternative form in
terms of the Dirac (Kronecker) delta-function:

The rotated projector can also be expressed in terms of the Dirac (Kronecker) delta-function
as follows:

f19) () = 50my — R'()J3R(8)) @
or in integral form

L Lo :

) = 5 / explitm; — R1(8)J3R(9))¢] dp. ®)

0

Another form of the rotated projector is given by the expression

1) = > DY @ B.v)DY, (@ B, y)ljmb)jm]. ©)

mymy

The matrix elements D" ,

. (o, B, ) (Wigner D-functions) are the matrix elements of the
1
operator

R(g) = eieds =B lag—ivJs (10)
of the SU(2) group representation (g is an element of the SU (2) group parametrized by the
Euler angles). The matrix elements have the known explicit form

Dy (e Boy) = e " ed ) (Bye (11)
where
49 () = Z (=D'VG +m)!G —m)!(G +m)I(j —m)!

sI(j—m' —s)(j+m—s)!l(m —m+5s)!

2j+m—m'—2s m'—m+2s
x | cos E —sinE . (12)
2 2
It is convenient to introduce the irreducible tensor operator for the SU (2) group:
J
Tp= D (=1 (imas j—myLM)|jma)(jm|. (13)
my,my=—j

Some examples of these tensors for j = 1/2 and j = 1 are given in section 9.
The irreducible tensors have the known properties (see [13, 26, 32])

Tr(ﬁ{?&, 7A"L(3w2) = 8L1L28M1M2 (14)

My, My M)\|j j ]
X\/(2L1+l)(2L2+1)(2L+1). (15)

(Lt Ly L\[L L, L
(T 0 0 = -1 "o
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The operator | jm)(jm’| can be expressed in terms of the irreducible tensors as follows:

2j L
m)Gm'| =" S (=1 m - m|LM)T. (16)
L=0 M=—

This means that the irreducible tensors form a basis in the linear space of operators acting on
the unitary space of the SU (2) irreducible representation.

3. Tomogram and reconstruction formula

Following [6, 7, 15, 16, 20, 21] we introduce the tomogram of the observable AW
w(my, B, y) = Tr[A<f‘>RT (@ljm1)(jmi|R(2)]

Z Z D,iff,,, (o, B, VA, D (@, B, 7). (17)
my=—j mh=—
In view of the structure of formula (17), the tomogram depends only on two Euler angles, i.e.
the tomogram depends on the spin projection and a point on the Bloch sphere.
The tomogram can be presented in another form using the Kronecker delta-function,
which is the general form for the tomograms of arbitrary observables suggested in [33]:

w(mi, B,y) = TrAV8(m1 — R'()J3R(9)). (18)
It is obvious that the tomogram of the identity operator equals unity.

To derive the inverse of (17), we multiply it by the Wigner D-function Du o (@ By V),
and integrate over the volume element of the SU (2) group, i.e.,

ds2 ( ,8 )Dj, ( ﬂ )—Z(’ A /|- /><-/ r.os | >87T2 AJ
wimy, P, Y ) (&, Py Y ) = > Jm gmy|jmy)(j s jmy| jmy 3+ -
nrym,
(19)
where the known property of the Wigner D-functions (D(«, 8, y) = D(R2))
. ) ) 2
dQD”* (Q)D”?, (Q)D) (Q) = — (jimy; jama|jsms) (jim'; jamb | jzms)
mzms3 nmsmy m'ym 2]3 +1
(20

was used.
In view of the symmetry relations and properties of the Clebsch—Gordan coefficients, we
have that

('m's jm | jma) (' s jmaljma)
2] + 1 . . ./ .o . Syl
2]./”8“/0(]1%1;] —my|j0)(jmy; j —my|jm’). (21)
Using the orthonormality property of the Clebsch—Gordan coefficients
J
D Gma j—milj0)(jmi; j—milj0) =1

my=—j

— (_1)j+m|+j+m’l

we have that

2j/+1 . . ./ j+m j’
Z gp2 Wi g —milj0) [ Q=D wmny, B, y) Dy, (S2)

m
j A A
= Y CDGmyj—m|im) A (22)

P
my,my=—j
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Multiplying this equation by (juo; jui|j’m’) and summing over the indices j' and m’, we
arrive at the result

Al = Z Z Z (=)™ s j = mal jO) s j — palj'm')
J=0m'==j" mi=—j

2; +1) 7
X —g 3 [ dQwn, B y) Dy (@, B, y). (23)

Using equations (2) and (16) we can write the observable operator AY) in terms of unitary
irreducible tensors as follows:

A0 _ Z Z Z (D72 (s j — mal LMYTAD, . 24)

M1, == L=0 M=

Substituting AY M 1, into (24), in view of the orthonormality of the Clebsch—Gordan coefficients,
we get the observable in terms of its corresponding tomogram:

A(”—Z Z Z( 1yimei 2 1<Jm Jj —ml|LO)

L=0M=—L m=—j

x ( / dQu(m, B, y) D&y (@, B, y)) T (25)

The density operator § can be expanded in terms of irreducible tensors (13) as follows:

2j L

J
X Y (=D Mw(m, B.y)jm: j —m|LO)T . (26)

m=—j

4. Tomogram of pure and mixed states

If one considers the tomogram of the density operator

by =¥ (¥l
of the pure state |1/), the tomogram reads
wy (my, B, y) = |(jmi|R(Q)¥) . (27)

This means that the tomogram is the modulus squared of the matrix element of matrix R(g) of
the SU (2) irreducible representation between the states [v) and |jm ). If one has the density
operator of mixed state written in terms of its eigenvalues p; > 0, >, p; = 1 and eigenvectors
|;) in the form

p=)_ pilvid (il (28)

the state tomogram can also be expressed in terms of the modulus squared of the matrix
elements of the rotation group

wimy, B.y) =Y pil(jmi|R()Iv) 2. (29)
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The above two formulae are an extension of the expression of the state tomogram found in [23]
for the position observable in terms of the wavefunction to the case of spin-state tomograms.
For example, if the state |1) is the pure state | j i), its tomogram reads

; 2
wju(my, B, y) = |}, (B)] (30)
where dY )M (B) is given by (12). The tomogram depends only on the Euler angle .

my
The existence of inverse relation (26) means that the modulus of the matrix element of

the SU (2) irreducible representation determines the phase of the matrix element.

5. Star-product for spin tomograms

In this section, we describe the relation of the above construction to the star-product procedure
in the form of [15, 16].

In quantum mechanics, observables are described by operators acting on a Hilbert space
of states. Given a Hilbert space H of spin states and an operator A acting on this space, let
us suppose that we have a set of operators U (x) acting on H in terms of a four-dimensional
vector X = (m, «, B, y), where the first component is a spin projection and the other three
Euler angles parametrize an element of the SU (2) group. We construct the c-number function
f4(x) (called the symbol of operator A) using the definition

[ix) = Ti[AU (%)), (€29)

Let us suppose that relation (31) has an inverse, i.e., there exists a set of operators D(x)
acting on Hilbert space such that

J
A =/f/3(x)ﬁ(x) dx /dx: Z /dsz. (32)
my=—j

That is, in this formula, f dx means integration over continuous variables and summation over
the discrete component. Then we consider relations (31) and (32) as relations determining the
invertible map of the operator A onto function f 1(x).

The most important property of the map is the existence of the associative product (star-
product) of symbols.

We introduce the product (star-product) of two symbols f;(X) and f;(x) corresponding
to two operators A and B by the relations

f1500 = f30 % f3(x) = THABU x)]. (33)
Since the standard product of operators on a Hilbert space is an associative product, i.e.
ABC) = (AB)C

it is obvious that formula (33) defines an associative product for the functions, i.e.

Fa®X) * (fp(x) * fe(X) = (f2(X) * f3(X)) * fe(x). (34)
In view of (31), the commutation relation of two operators
C=1[A Bl=AB - BA (35)

is mapped onto the Poisson bracket fs(x) of two symbols f;(x) and f3(x) by means of the
formula

fe®) = {f2(X), f30} = Tr[[A, BIU (x)]. (36)

One can express the operators determining the star-product of tomographic symbols in terms of
irreducible tensors. By comparing the formulae defining the generic symbol of operators (31)
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and its inverse (32) with the formulae defining the observable tomogram (18) and its inverse
(25), one can find the operators U (x) and D(x) explicitly. It is obvious that the operators
U(x)=U(m, 2) and D(x) = D(m, Q) can be expressed as follows:

2j L

Om. Q) =) Z (=) M (jms j = mILO) Dy (e B, T, (37)
L=0M=

A m+M2L+1 L U

D(m, Q) = Z Z (=17~ (jm; j —m|LO)D§_ (e, B, )Ty, (38)
L=0 M=

These formulae are convenient to calculate explicitly the kernel of the star-product of
tomographic symbols.

6. Delta-function on the tomogram set

In view of the properties of operators U (x) and D(x), the following equality for the spin
tomogram must exist:

[(jm|R()|)? Z /dQ Te[ D', YT (m, )11(jm'| R )P (39)
m'==j

which is valid for an arbitrary spin state |y). This equality means that on the set of spin

tomograms w (m, Q) the trace of the product of the operators D(x) and U (x) plays the role

of an analogue of the Dirac delta-function and we denote it as

S(m,m', 2, Q) =Te[Dm’, QU (m, Q)]. (40)

In fact, it is the kernel of the unity operator on the set of spin tomograms. For spin j, one can
write explicitly this kernel or delta-function:

2L +1

Tr(D(m', @YU (m, Q)] = Z( D" = (jm; j —m|LO){jm’; j —m'|LO) Py (cos0)

where Py (x) is the Legendre polynomial of order L and 6 is the angle between directions
(B, y)and (B, y') given by

cos@ = cos B cos B’ +sin B sin B’ cos(y — y').

7. Kernel of standard star-product

Using formulae (31) and (32), one can write down a composition rule for two symbols f;(x)
and fz(x), which determines the star-product of these symbols. The composition rule is
described by the formula

Fix) * fp(x) = / [ fpxHK (X, %, x) dx' dx”. 41)

The kernel in the integral of (41) is determined by the trace of the product of the basic operators,
which we use to construct the map [16]:

K", x,x) =Tr[D")DE)U (x)]. (42)
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Within this framework, according to (4), (5) and (7), we have two equivalent expressions for
the operator U (x):

U(x) = 8(m1 — R'(9)J3R(8)) = R(g)|jm1)(jm1|R() (43)
or due to the structure of this equation

0(x) =d(m, —n-j) n = (sin B cos y, sin B siny, cos ). (44)
The dual operator reads

b(x) Z Z (— )] —m+M

L=0M=

2L+1 ) _ 5 4
——5 Do me, B, y){jm; j m|LOYT, %, (45)

where TL(fV), is given in equation (13).

Inserting the expressions for the operators U (x) and ﬁ(x) in (42) and using the properties
of irreducible tensors (14) and (15), one can calculate explicitly the kernel of the spin star-
product, which has the form

K (x2,x1,X) = K(ma, Q,my, 21, m, Q)

I 2 Y QL+ 1)Ly + 1)
= (=1~ ZZZ e

L=0 L, =0 L,—
(Jm J —m|L0)(]m1, J = mi|L10)(jmy; j — m2|L70)

x Z Z Z( DHitb*le QL + 1)Ly + 1)(2L, + 1)

=—L M=—L Mo=—L,

L, L, L) (L, L, L .
x{jl ].2 J.}(Mll Mzz M) D" (Q)DyE, (DY, (). (46)

Thus we obtained the explicit expression for the star-product kernel of spin tomograms in terms
of Clebsch—Gordan coefficients, 6 j-symbols (Racah coefficients) and Wigner D-functions.

8. Evolution of tomograms and Moyal-like kernel

In quantum mechanics, the evolution of nonexplicitly time-dependent observables A can be
described by the Heisenberg equation of motion

A=ilA, A (h=1) (47)

where H is the system Hamiltonian. This equation can be rewritten in terms of symbols f 1(x)
and fy (x) in the form

Fax 0 =i{fax 1), f1(x, D} (48)
where
fa(x) =Tr[HU (%)] (49)

corresponds to the Hamiltonian, and with the Poisson bracket defined by equation (36) using
the star-product given by equation (33).

The quantum evolution equation for the symbol of the observable can be presented in the
form of an integral equation.
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The kernel of the star-product obtained in the previous section determines the kernel, which
provides the integral form of the quantum evolution equation (47). The kernel corresponding
to the Poisson bracket term reads

K, (x2,X1,X) = K(mo, Q2,myq, Q21,m, 2) — K(my, Qq,my, 2, m, Q)
2j 2j 2j
. 2L+ 1)(2L, + 1
— (_l)j,m,m],mz E E E [1 _ (_1)L+L1+L2]( 1 )( 2 )

644
L=0 L,=0 L,—0

x (jm; j —m|LO)(jmy; j — my|L10)(jma; j — m2|L20)

L Ly Ly
x Z Z Z (=Dl JOL + 1)L, + 1)(2L, + 1)

M=—L My=—L; My=—L,
Ly, L, L L L L
x{jl ]? j}(Mll Mz M) D\ (D, (@)D, (). (50)

For the evolution of the magnetic moment moving in the magnetic field, the star-product
formalism was used in [15]. The kernel (50) gives the possibility of studying the quantum
evolution of spin states for large values of spin j.

9. Examplesof j =1/2and j =1

Next we give for the SU (2)-group irreducible representations the explicit form of the operators
U(x) and D(x), which define the star-product of spin tomograms for j = 1/2 and j = 1
cases. First we give the irreducible tensors for j = 1/2. These can be written in terms of the
Pauli matrices o, 0y, o ; and the identity matrix I,,, (we omit hats)
12 _ 1
TOO - EIZXZ
172y _ 1 1/2) _ 1 1/2) _ 1
Tll = _EO‘-F TIO = _262 T171 = \—[20'_
whereo . =0, +io,.
For the case j = 1, they can be written in terms of the matrix representations of the
angular momentum operators J . and J and their products:

s
(N 1 (N 1 [@)] 1

Ty =_§J+ Ty ZEJO T, 2517

Ty, =112 TV = - U do+dod) T =V6(AI2 - is)

) =1J_Jo+J0J2) =172,
By means of expressions (37) and (38), we get for j = 1/2 that

U(x) = 0 +mF(B,y) (51)
~ 1 1
D) = ¢— (EIM +3mF (B, y)) (52)

where we defined the matrix

F(B.y) = (_e

cos B —el” sin ,3) (53)

“sinf  —cosB
For j = 1 we write the corresponding results in terms of the Wigner D-functions and the
irreducible tensors, i.e.



4686 O Castanos et al

0(x) = LTo((;) +Z(—1)M£Dé” 1) +Z(_1)M3mzi_2
R R

DS?M(Q)T;A'} (54)
D(x) = — i T(”+§ (—1)"4—3 p" «1h
gr2\. /3 ® m N M

NG

With these explicit expressions for U (x) and D(x) operators, it is straightforward to construct
the tomogram of any physical observable in the Hilbert space for j = 1/2 and j = 1.

15m2 — 10
+ Z(—l)MiDész(Q)T;j} : (55)
m 6

10. Asymptotic spin tomograms

In this section, we consider the behaviour of spin tomograms for pure states in the limit of
high values of spin j.

Since the tomogram of a pure spin state | jm) is expressed in terms of the matrix element of
the SU (2)-group irreducible representation, we use the known asymptotics of these elements
for j — oo studied in [27-30]. For example, there exists the asymptotics of the matrix
elements of the SU (2)-group irreducible representations expressed in terms of the Hermite
polynomials and one has the explicit relation of the form [30]

d9 () = (1) ™" (j sin® B) "4 [2 7 (j — m)17V?

[ 2..2,3]1_] m — jcosf3
X exp[—2j sin i | ————— ).
pl=aJ s J/jsinp

The formula is similar to the expression for the wavefunction of the (j — m’)th level of the
harmonic oscillator. For j = m’, one has

d,)}(B) = (rjsin® B)~"/* exp[ 2, sin® ] (57)

a Gaussian which is identical to the wavefunction of the ground state of the harmonic oscillator.
Correspondingly, the spin tomograms are given by the relations

w' (m, p) = (jsin® )~'2[2/7" (j —m)1])™!

. m — jcos B
x exp[—2j sin® B1H? | —=F——
s ()
and for m" = j one has the tomogram asymptotics
w (m, B) = (zj sin* B)~"/* exp[—2j sin® B]. (59)

One can see that these spin tomograms are identical to the tomograms of the energy level
states of the harmonic oscillator w(X, , v) found in [34]. Thus, for the coherent state |«)
of the harmonic oscillator, the tomogram w, (X, , v), where p, v are real parameters and X
is the position measured in a reference frame in the phase space of the oscillator labelled by
these two parameters, reads

(56)

(58)

we (X, 1, v) =

1 (X—«/iReom—\/Elmozv)2
N W22 B
T(u?+v

The tomogram of the oscillator’s ground state corresponds to & = 0 and it is

(61)

1 X?
wo(X, u,v) = ———exp|—— | .
0, 2, v) V(2 +v?) p[ M2+V2j|
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The tomogram of the nth energy level of the harmonic oscillator reads

1 X2
n (X, 1, v) = wo(X, w, H? . 62
wa (X, V) = wo(X. V) 5, H <M2+v2) (62)

One can see that the asymptotics of the |d ) B) |2 in (6) coincides with the tomogram (62)

mm’

provided the following replacements are done:
m—jcosfB — X jsin? B — u? +v%

The tomogram asymptotics (59) coincides with the tomogram of the oscillator’s coherent state
provided the term jcos S is interpreted as the quadrature mean (x). We have checked by
computer the validity of approximation (58) for the d,(n’; function. For j = 5 x 10° and
B = m/2, the maximum difference is A ~ 1072 where

(@ 8))° = w on. )
WO, B

It is very small for all values of m and of the given order only for m ~ —j.

11. Conclusions

To conclude, we summarize the results of our study.

We have shown that the spin tomogram of the pure spin state with fixed spin projection is
determined by the modulus squared of the matrix element of the SU(2)-group irreducible
representation. This means that the modulus of the matrix element of the irreducible
representation determines the phase of the matrix element (up to a constant factor).
The new result of this work is the explicit expressions for the kernels which determine
the delta-function for the spin-tomographic symbols and the star-product of the symbols,
respectively.

Using the relation of Heisenberg—Weyl and SU (2) groups in the limit of high spins, we
calculate spin tomograms in this limit. We have shown that, for large spin values, the spin
tomograms become the tomograms of the harmonic-oscillator states.

The approach developed demonstrates that one can use the standard probability
distribution to describe the quantum spin state instead of spinors or density matrices. The
tomogram construction resembles a finite-dimensional C* operator algebra representation but
the correspondence needs better clarification. The product of tomographic symbols of the
spin operators is determined by the kernel expressed in terms of the standard ingredients of
SU (2)-representation theory which are Wigner D-functions, Clebsch—Gordan coefficients and
6j-symbols (Racah coefficients).

The new approach to the description of spinors by means of probability distributions
can be applied to gauge theory models and related nonlinear equations based on the SU (2)
symmetry. Also the approach can be extended to other Lie group representations.
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